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Abstract
Changepoint detection plays a vital role in statistical analysis, with applications in

biological data and beyond. In this thesis, we explore methods for detecting changes
in mean, variance, and velocity, addressing challenges in computational e�ciency and
statistical reliability.

Motivated by intracellular transport with the challenge of detecting velocity changes
in multidimensional data, we first introduce CPLASS, an algorithm using a Markov
Chain Monte Carlo (MCMC)-based approach with a special proposal for navigating
the parameter space. With the mathematical proving techniques from the Empirical
Process theory, we show the consistency and convergence rates in estimating parameters
using our proposed method. To deal with the small sample sizes that are common
in molecular motor data, we introduce a speed penalty that improves small sample
size power and performance while not compromising the large sample consistency. In
the study of lysosomal transport, a statistical test for stationary states is proposed
using a piecewise linear continuous model. Its e�ectiveness is examined under di�erent
conditions.

A second algorithm introduced is the Dendrogram Pruning and Merging (DPM)

algorithm, an agglomeration approach that reduces computational cost by constructing

a hierarchical structure of changepoint locations. This algorithm is developed to detect

changes in mean and variance. We also propose a new selection criterion for model

selection based on the proposed pruning and merging procedure, called the Dendrogram

Selection Criterion (DSC). Finally, we establish theoretical guarantees for the DPM

algorithm, proving its convergence and consistency. Through simulations and real-

world applications, we evaluate the strengths and limitations of our methods, aiming

to contribute useful tools for changepoint detection research.
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Chapter 1

Introduction

Changepoint detection is a fundamental problem in statistical analysis, with wide-

ranging applications in fields such as finance [4, 43, 81], genomics [49, 103], and signal

processing [57, 70, 81]. In this thesis, the primary motivation stems from a specific and

biologically significant domain: intracellular transport. This process, where molecular

motors move along cytoskeletal filaments to transport cargo within cells, is inherently

stochastic and often exhibits abrupt transitions in motion patterns, such as changes in

velocity, direction, or di�usive behavior. Understanding these transitions is essential

for characterizing underlying biophysical mechanisms and pathological conditions.

Detecting such changes presents unique challenges that go beyond traditional

changepoint problems. Unlike typical formulations that focus on mean shifts in time

series, intracellular transport data are multidimensional, continuous, and governed

by physical constraints such as positional continuity. These complexities demand

new statistical methodologies that can handle parameter dependencies, small-sample

robustness, and high-dimensional dynamics.

In this thesis, we address these challenges through a series of methodological

and theoretical advancements in changepoint detection. Each contribution is directly

inspired by open problems in intracellular transport, while also o�ering tools applicable

to a broader class of changepoint problems. The work spans novel algorithm design,
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statistical testing, model selection, and theoretical analysis.

1.1 Overview of the Thesis

This dissertation presents a unified framework for changepoint detection, with a

central focus on applications to intracellular transport. The core contributions include:

• A specialized Markov Chain Monte Carlo (MCMC)-based algorithm for detecting

velocity changes in multidimensional data, tailored to molecular motor trajectory

analysis.

• Asymptotic theory for changepoint estimators, o�ering insights into consistency

and convergence.

• A statistical test for identifying stationary states in particle motion, grounded

in continuous piecewise linear models.

• A hierarchical segmentation approach—Dendrogram Pruning and Merging

(DPM)—for e�cient detection of multiple changepoints in mean and variance.

• Theoretical guarantees for DPM, including convergence rates derived via empiri-

cal process theory.

These contributions are further elaborated across the chapters of the thesis, as

summarized below.

1.2 Summary of Chapters

Chapter 2: Detecting Velocity Changes in Multidimensional Data. The first

methodological contribution of this thesis is the development of CPLASS, an algorithm

designed for detecting changes in velocity within multidimensional data. Traditional

changepoint detection methods struggle with such problems due to the dependencies
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between adjacent segments and the need for continuity constraints. CPLASS overcomes

these challenges by utilizing a Markov Chain Monte Carlo (MCMC)-based approach

with tailored proposal mechanisms, improving e�ciency in exploring parameter space.

This method is particularly well-suited for analyzing intracellular transport data,

where molecular motor trajectories undergo complex, multidimensional transitions.

Furthermore, a speed penalty is introduced to enhance robustness in small-sample

settings, ensuring statistical power while maintaining consistency as sample size

increases.

Chapter 3: Asymptotic Properties of Changepoint Estimation. To further

understand the statistical properties of the changepoint detection method, this chapter

examines the asymptotic behavior of changepoint estimators obtained by maximizing

the criterion function with the strengthened Schwarz Information Criterion (sSIC)

penalty. This analysis provides theoretical insights into the consistency and convergence

rates of the proposed algorithms, o�ering a deeper understanding of their reliability

in large-sample settings. Chapters 2 and 3 will be turned into a manuscript which is

co-authored by Dat Do (University of Michigan), Keisha J. Cook (Clemson University),

Nathan Rayens, Christine K. Payne (Duke University), and Scott A. McKinley.

Chapter 4: Testing for Stationary States in Intracellular Transport. In-

tracellular transport is governed by complex interactions between molecular motors,

cytoskeletal structures, and cytosolic crowding. In this chapter, we establish a sta-

tistical test to determine whether a particle trajectory exhibits stationary behavior

as defined in a mathematical sense. Unlike previous studies that define stationarity

based on speed thresholds, our approach leverages a continuous piecewise linear model

to provide a more rigorous characterization. The test is developed specifically for

two-dimensional datasets, but the methodology can be extended to higher dimensions.

Additionally, we explore how the presence of anchor di�usion, caused by a secondary
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noise source, a�ects the performance of our test. This chapter will be turned into a

manuscript, which is co-authored by Scott A. McKinley.

Chapter 5: Dendrogram Pruning and Merging (DPM) for Multiple Change-

point Detection. This chapter introduces the Dendrogram Pruning and Merging

(DPM) algorithm, a novel method for detecting multiple changepoints in mean and

variance. DPM constructs a hierarchical structure (dendrogram) of changepoint lo-

cations, requires fitting a model only once at an overfitted level, and employs an

optimal rule to prune and merge, significantly reducing computational costs. We also

present the Dendrogram Information Criterion (DIC), a new model selection criterion

that incorporates segment-wise parameter distances and lengths. Through extensive

simulations, we demonstrate that DIC outperforms existing criteria in certain scenarios

by providing greater robustness and interpretability.

Chapter 6: Theoretical Guarantees for the DPM Algorithm. The final

chapter establishes the theoretical foundations of the DPM algorithm by proving its

convergence rates and consistency properties. Using empirical process theory—an

approach not previously applied in this context—we provide rigorous proofs that

validate the e�ectiveness of our method. These results contribute to the broader

literature on changepoint detection by o�ering new insights into the theoretical

guarantees of hierarchical segmentation approaches. Chapters 5 and 6 will be turned

into a manuscript, which is co-authored by Dat Do (University of Michigan) and Scott

A. McKinley.

Chapter 7: Conclusion and future investigation.



5

Chapter 2

Detecting Velocity Changes in

Multidimensional Data

This chapter introduces CPLASS, an algorithm for detecting changes in velocity

within multidimensional data, addressing fundamental challenges in probability struc-

ture and search methodology. This problem in one dimension is known as the change

in slope problem (see [9, 39]). Unlike traditional changepoint detection methods that

focus on mean shifts, detecting changes in velocity requires specialized approaches due

to continuity constraints and parameter dependencies. Existing algorithms, including

binary segmentation and simple dynamic programming methods, struggle with these

complexities. To overcome these limitations, we introduce a tailored penalty function

to balance improvements in likelihood due to model complexity, and a Markov Chain

Monte Carlo (MCMC)-based approach with tailored proposal mechanisms for e�cient

parameter exploration. Our method is particularly suited for analyzing intracellular

transport data, where molecular motor trajectories exhibit complex, multidimensional

transitions. To enhance robustness in small-sample regimes, we introduce a speed

penalty that improves statistical power while maintaining consistency in the large-

sample limit. Additionally, we demonstrate that comparing the proportion of time

spent at di�erent speeds provides a more stable metric for trajectory characterization.
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This work is a collaboration with my advisor, Scott A. McKinley from the Depart-

ment of Mathematics at Tulane University, Dat Do from the Department of Statistics

at the University of Michigan, Keisha J. Cook from the School of Mathematical

and Statistical Sciences at Clemson University, and Nathan Rayens and Christine K.

Payne from the Department of Mechanical Engineering and Materials Science at Duke

University.

2.1 Introduction

Change point detection problems have been researched for over sixty years with

applications in many fields, such as signal processing [57, 70, 81], speech process-

ing [3, 56, 122], financial analysis [4, 43, 81], bio-informatics and genomics [49, 103],

environmental science [76], and many others. Consequently, this subject is deeply

studied in theoretical and applied literature. Various methods and corresponding

theories have been developed for the changes in mean problems, including Bayesian

and frequentist approaches. Our paper focuses on detecting changes in velocity: the

multidimensional data is a discretization of the velocity integral, which imposes a

constraint on what would be a change-in-mean problem for the position increments,

since a physical position process should be continuous in time. We model the data

as a sequence of independent Gaussian fluctuations about a fictional anchor whose

trajectory is continuous and piecewise-linear. The goal of the change point method

is to identify the most likely trajectory if such an anchor existed. We propose the

CPLASS algorithm (Continuous Piecewise Linear Approximation using Stochastic

Searching methods) for this problem. In the following, we only focus on a retrospective

change point framework closely related to our work. For recent reviews of change

point methods, we refer to Aminikhanghahi and Cook (2017) [1], Truong, Oudre, and

Vayatis (2020) [128], Fearnhead and Rigaill (2020) [41], and Shi, Gallagher, Lund, and
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Killick (2022) [123].

Related work. Most change point detection schemes suggest changes and their

positions and then assess a likelihood score using a probability model. However, there

is a possibility of overfitting the model, since proposing more change points results

in a better-fit model. Therefore, a penalty in the score for the number of change

points proposed is necessary to avoid overfitting. There are several choices for the

penalty, for instance, an ¸0 penalty used by the Akaike Information Criterion (AIC)

or the Bayesian Information Criterion (BIC) [139, 141]; ¸1 penalty such as Lasso,

fused Lasso, elastic net, the group Lasso, the mono Lasso [55, 134]; more complex

penalties such as the modified BIC criterion (mBIC) [144] which maximizing the

asymptotic posterior probability of the data. Regarding finding optimal solutions

for detecting change point problems with a given criterion function, some popular

searching methods include binary segmentation [120] and its variants - Circular Binary

Segmentation [104, 133], Wild Binary Segmentation [44], bottom-up [23], window

sliding [19], Pruned Exact Linear Time (PELT) [77], dynamic programming [68] and

stochastic optimization [53, 79, 80]. Another well-known procedure for detecting

change points is based on a likelihood ratio test. In this procedure, a hypothesis test

is first constructed for a single change point model, and then the test is applied to

find multiple change points via searching algorithms [6–8].

In Bayesian methods, a random sampling approach is taken to find suitable pa-

rameter sets. After proposing a sequence of location vectors and associated means, a

likelihood score is evaluated at each step, and the proposed parameter set is accepted

or rejected via the Metropolis-Hastings algorithm. The penalty is encoded in prior

information based on the biological knowledge of researchers. These methods will not

restrict the searching parameter space. It allows for exploring the space with some

prior constraints (prior distributions of parameters) provided at the initial step. The



8

first Bayesian method for detecting multiple change points with an unknown number

was provided by Barry and Hartigan [10, 11]. They construct a model called the

Product Partition Model (PPM) that performs well in detecting sharp, short-lived

changes in the means of independently normally distributed observations. This model

has been implemented as an R package bcp by Erdman et al. [38].

While the problem of changes in mean has been studied extensively, few methods

are available for studying changes in velocity or changes in slope in the one-dimensional

case. These problems are fundamentally more challenging [39]. For example, the

most common generic approach to detecting multiple change points—binary segmenta-

tion—does not e�ectively identify changes in velocity. This method iteratively applies

a method for detecting a single changepoint. In a velocity change problem, initial

estimates for change point locations might lie between the true change points, making

it di�cult for binary segmentation to correct these errors. Figure 2.1 illustrates an

example of this issue. This problem has also been reported by Baranowski, Chen, and

Fryzlewicz [9] and Fearnhead, Maidstone, and Letchford [39]. An alternative method

involves a dynamic programming algorithm that minimizes an ¸0 penalized cost like

Optimal Partitioning [68] or PELT [77]. However, this approach is also unsuitable

for addressing changes in velocity due to model dependencies that arise from the

continuity of the location process at each change point. One can come up with an

idea to take first di�erences in the data; from here, a change-in-velocity is transformed

into a change-in-mean, and then one of the methods for detecting changes in the mean

can be applied. However, Fearnhead and Grose [39] pointed out that this can perform

poorly due to removing information in the data under the transforming process. To

overcome these di�culties, there are some methods for detecting changes in slope

problems: Trend-filtering (2014) [78], which minimizes the RSS plus an ¸1 penalty

on changes in slope; Narrowest-Over-Threshold (NOT) (2019) [9], which repeated a
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Figure 2.1: Example of a failure of using Binary segmentation for a change-in-speed
problem, which tends to add a change point to the two actual changes. The left-hand
side image, a 2D simulation of the lysosomal movement trajectory at 20Hz for a
duration of 30 seconds, and the two actual change points, 10 seconds and 20 seconds,
are represented as the t-vs-x and t-vs-y time series. The dashed lines represent the real
change points. The corresponding segmentation is overlaid in red. In the right-hand
side image, the CPLASS algorithm scores are computed on the simulation path at
each possible addition of a changepoint model. The green dashed line is the score of a
null model with no changes. The red solid curve contains the scores of one-change
point models. The higher the score, the better the model is.

test for a single change in slope on subset data and used the narrowest-over-threshold

to combine the results; CPOP (2019) [40] which based on a variant of dynamic pro-

gramming to minimize the RSS plus an ¸0 penalty, i.e. a constant penalty for adding

each change; the Narrowest Significance Pursuit (NSP) [47] method, unlike others

that identify the location of changepoints, o�ers the shortest intervals guaranteed to

contain at least one changepoint at a specified confidence level. All current versions

of these methods deal with one-dimensional data, while our challenge comes from

two-dimensional particle trajectories.

Particle tracking. The study of intracellular transport relies on analyzing particle

trajectories to reveal underlying biophysical states. Traditional methods, such as mean

squared displacement (MSD) analysis, are widely used to quantify transport dynamics

[98, 100]. However, MSD-based approaches can miss short-lived state transitions, as

they average over entire trajectories. Therefore, some more recent methods have been

developed to identify changes of state within individual particle trajectories. Some
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focus on capturing abrupt changes in di�usivity [73, 107], while others are focused on

velocity shifts [71, 101], or simultaneous changes in velocity and di�usivity [143].

Although most changepoint algorithms developed for the segmentation of biophys-

ical data were meant to detect changes in the mean value or the variance in time

series, our algorithm deals with the detection of changepoints in a multiple linear

regression model [36, 126, 143]. In previous studies, our group [71, 111] used the

Bayesian Changepoint (bcp) algorithm to partition the paths into segments and then

modeled the segmented paths as discontinuous piecewise-linear plus stationary noise.

Here, we construct a continuous piecewise-linear function, design a score function with

a combination of the strengthened Schwarz Information Criterion (sSIC) [9, 48] and a

customized speed penalty, and use a stochastic searching method to find a suitable

approximation for the data. The importance of using a continuous version comes

from the issue of missing short-fast segments in the discontinuous models. Figure

2.2 shows a comparison between the discontinuous piecewise linear model and the

continuous version of it. We can see a significant motile segment in the path; however,

the discontinuous method missed it, while our CPLASS successfully returned the

motile segment.

Data sets. We use the following data sets to validate the proposed method: (1) BS-

C-1 monkey kidney epithelial cells and A549 human lung epithelial cells [111] (obtained

from the Duke University Cell Culture Facility). For these data sets, intracellular

transport is a requirement of cellular functions related to lysosomes; (2)Data sets

featuring quantum dots being transported by a single kinesin-1 motor, a single dynein-

dynactin-BicD2 (DDB) motor, and a kin1-DDB pair [71] with intracellular transport

by microtubule-based molecular motors; (3) Additional simulated data sets imitating

the trajectories in live cell data.
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Figure 2.2: Comparison between discontinuous and continuous piecewise linear ap-
proximations. The simulated lysosomal movement trajectory in 2D at 20Hz for a
duration of 20 seconds and the two actual change points, 9 seconds and 10.35 seconds,
is represented by the t-vs-x and t-vs-y time series. The dashed lines represent the
detected change points. The corresponding segmentation is overlaid in red.

2.2 The CPLASS algorithm

This section introduces the statistical model and algorithm used in this work. In

Section 2.2.1, we introduce the statistical model. In Section 2.2.2, we construct a

piecewise linear approximation of the data given an assumption that the number of

change points is known. In Section 2.2.3 and Section 2.2.4, we propose a changepoints

detection method where a criterion score with a penalty is provided, and a stochastic

search method is used to find the maximum of the defined criterion score.

2.2.1 Statistical model

Assuming the d-dimensional data observations {Yi}n
i=1 µ Rd at time T := {t1, . . . , tn} ™

[0, T ] are treated as being Gaussian fluctuations around a sequence of unobserved

anchor locations, which are denoted {ai}n
i=1 µ Rd. We write

Yi = ai + ‡Ái, (2.1)
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where {Ái}n
i=1 is a sequence of independent and identically distributed d-dimensional

standard normal random variables with noise magnitude ‡2. We employ the convention

that t0 = 0 and a0 = a œ Rd. Assume that there are k segments (k + 1 Æ n) and

·j (1 Æ j Æ k ≠ 1) associates with the jth changing time. For a natural number k,

let [k] denote the set {1, . . . , k}. We further assume that observations are made on a

uniform grid of size � = ti ≠ ti≠1 = T/n for i = 1, ..., n, and the jth change point can

be approximated by an observation time, ·j = tMj , where Mj := Â·j/�Ê > 0, for all

j œ [k ≠ 1], with the convention that ·0 = 0, M0 = 0, ·k = n� = T and Mk = n.

Let Vj œ Rd denote the velocity vector with respect to the jth segment, the speed

is defined as sj = ÎVjÎ2 (for j œ [k]). Within each segment, we have

ai = aMj≠1 + Vj(ti ≠ ·j≠1), (2.2)

where i = Mj≠1 + 1, ..., Mj, j œ [k] is the index of the segment. Form the recursive

formula (2.2), we construct a multivariate continuous piecewise linear function (signal

function) f· ,V,a : T æ Rd, parametrized by changepoint · = (·1, . . . , ·k≠1) with

0 =: ·0 < ·1 < ·2 < · · · < ·k≠1 < ·k := T , sets of velocities V = (V0, . . . , Vk≠1) µ Rd,

and initial intercept (initial anchor position) a œ Rd, is defined as

f· ,V,a(t) =
Q

aa ≠
iÿ

j=1
(Vj ≠ Vj≠1)·j≠1

R

b + Vit ’t œ [·i≠1, ·i], i œ [k], (2.3)

When Vj ”= Vj≠1 for all j œ [k], the signal function f· ,V,a is said to have k segments

(or pieces) and (k ≠ 1) changepoints. Denote Fk by the collection of such signal

functions with k pieces.

We now represent the model n multivariate observation (Yi)n
i=1 µ Rd on T =
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{t1, . . . , tn} according to a true signal function and Gaussian noises:

Yi
ind.≥ N (f 0(ti), ‡2

0Id), (2.4)

where f 0(t) := f· 0,V0,a0 is the true signal function of k0 segments with true changepoints

· 0 = (· 0
1 , . . . , · 0

k0≠1), sets of velocities V = (V 0
0 , . . . , V 0

k0≠1) µ Rd, and initial intercept

a0 œ Rd. ‡2
0 is the true variance and Id is the d≠dimensional identity matrix. Given

the set of observation (Yi)n
i=1, our goal is to infer the true number of segments k0,

parameters · 0, V0, a0 of the true signal function and the noise level ‡2
0 .

CPLASS aims to learn those parameters by maximizing a penalized likelihood of

changepoint models with at most k segments to the data

( ‚fn, ‚‡2
n, ‚kn) = arg max

fœFk,‡2œ�,kÆk

nÿ

i=1
log N (yi|f· ,V,a(ti), ‡2Id) ≠ penk, (2.5)

with penk is the penalty term that preventing the overfitting issue, and get the MLE
‚fn := f‚· n

,‚Vn
,‚an of ‚kn pieces.

We note that (2.5) is equivalent to finding the MLE with each k œ [k]

( ‚f (k)
n , ‚‡2

n,k) = arg max
fœFk,‡2œ�

nÿ

i=1
log N (yi|f· ,V,a(ti), ‡2Id), (2.6)

and then find

‚kn = arg max
kœ[k]

nÿ

i=1
log N (yi| ‚f (k)

n (ti), ‚‡2
n,kId) ≠ penk. (2.7)
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2.2.2 Continuous piecewise linear approximation given the

changepoints

As discussed in the previous section, finding the MLE of (2.5) can be separated

into two steps. In this section, we focus on solving (2.6), which is given fixed k ≠ 1

changepoints, what is the MLE for parameters under considering the continuous

piecewise linear model.

Consider the following matrices: (1) Y = (yil) is a n ◊ d matrix represents the

observed data; (2) V = (vjl) is a k ◊ d matrix containing all segment velocities; (3)

W = (wjl) is a k ◊ d matrix represents the k di�erences between two consecutive

velocities (i.e., W[1, .] = V1,W[j, .] = Vj ≠ Vj≠1 for j = 2, . . . , k), for i = 1, . . . n,

l = 1, . . . , d, and j = 1, . . . , k. We aim to find the MLEs of wjl, a = (a1, . . . , ad) and

‡.

Since d dimensions are considered independent, given the changepoints, we can

find the MLEs of the model independently in each dimension. With this in mind,

let Y (l) = (y1l, y2l, . . . , ynl) œ Rn (l = 1, . . . , d) be the l-th column of matrix Y,

W (l) = (al, w1l, . . . , wkl) be the vector contains the l-th initial intercept and l-th

column of matrix W. We can then introduce the following matrix form associated

with the l-th dimension

Y (l) = TW (l) + ‡Á(l), (2.8)

where

T =

S

WWWWWWWU

1 t1 (t1 ≠ ·1)1t1>·1 · · · (t1 ≠ ·k≠1)1t1>·k≠1

1 t2 (t2 ≠ ·1)1t2>·1 · · · (t2 ≠ ·k≠1)1t2>·k≠1
... ... ... ... ...
1 tn (tn ≠ ·1)1tn>·1 · · · (tn ≠ ·k≠1)1tn>·k≠1

T

XXXXXXXV

is a n ◊ (k + 1) matrix,

(2.9)



15

1ti>·j =
I

0 if ti Æ ·j

1 if ti > ·j,
, and Á(l) ≥ N (0, In) is an n ◊ 1 error vector.

The residual sum-of-squares (RSS) is written

RSS(Y, t; W ) :=
dÿ

l=1

...Y (l) ≠ TW (l)
...

2

2
. (2.10)

The log-likelihood associated with the model is

L(f, ‡) =
nÿ

i=1
log N (yi|f· ,V,a(ti), ‡2Id) = ≠nd

2
Ë
log(2fi) + log(‡2)

È
≠ 1

2‡2 RSS(Y, t; W )

(2.11)

The resulting MLE are

„W
(l)
n,k =

1
T€T

2≠1
T€Y (l) for l œ [k], (2.12)

‡̂2
n,k =

RSS(Y, t; „W n,k)
dn

. (2.13)

Note that as long as the changepoints ·j are distinct and n Ø k + 1, then T is full

rank k + 1, and we can make sure that T€T has a unique inverse. From now on,

we drop the subscript (n, k) in the MLE representations for ease of notation. The

velocity vector corresponding to the jth segment is „Vj =
1qj

i=1 ‚wi1, . . . ,
qj

i=1 ‚wid

2€
,

for j = 1, ..., k. The speed of the associated segment is ŝj := Î ‚VjÎ2.

2.2.3 Criterion function

The typical representation of the model contains switch-times · , initial intercepts

(or initial anchor locations) a, segment velocities V, and noise ‡. In the following,

we introduce the reduced representation of the model in the CPLASS using a switch

point vector r.

In the second step, which is to find the changepoints that maximize the object
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function (2.7), we utilized a switch point process to infer the number of change points,

k ≠ 1. The switch point process was defined as an (n ≠ 1)-dimensional sequence of

independent identically distributed (i.i.d) Bernoulli random variables [79], denoted

r = (r1, ..., rn≠1), where ri = 1 indicated a change point occurred at time observation

i with some probability that is known a prior. The number of change points from

now is denoted by |r| (|r| = k ≠ 1). Since a specific (n ≠ 1)-dimensional vector r

corresponds to a fixed list of |r| change points, we then can find an associated piecewise

linear approximation whose RSS(Y, t; ‚a, „W ), ·j, ŝj (j = 1, ..., |r| + 1) are determined

as discussed in Section 2.2.2. From now on, we use the subscript r to indicate these

relationships, i.e., ‰RSSr = RSS(Y, t; ‚ar,
„Wr), ·j, ŝj, ‚ar, ·j,r, ŝj,r, ‚Vj,r.

For a given list of change points being r, according to the derivation in Section 2.2.2,

the piecewise linear model provides a maximized value of the log-likelihood function

‚Ln = log(L(Y, t; ‚ar,
„Wr, ‡̂r)) = log

Q

a 1
(2fi)nd/2

A
dn

‰RSSr

Bnd/2

exp
A

≠nd

2

BR

b (2.14)

= ≠nd

2 log
1

‰RSSr

2
+ C, (2.15)

where C is a constant. We define the criterion function of the algorithm as follows.

Definition 2.1: Criterion Function

�(r) = ≠nd

2 log
1

‰RSSr

2
≠ pen(r). (2.16)

Here, pen(r) refers to the penalty term designed to prevent overfitting. We utilized a

strengthened Schwarz Information Criterion (sSIC) penalty expressed as log(n)“|r| for

“ > 1 (refer to [9, 44]) and a speed-control penalty function to mitigate the occurrence
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of unrealistic speed values.

Definition 2.2: Penalty function

pen(r) =log(n)“|r|+
|r|+1ÿ

j=1
h(ŝj,r ≠ scap), (2.17)

where “ > 1, |r| is the number of changepoints, ŝj,r =
... ‚Vj

...
2

(j = 1, ..., |r| + 1) is

the estimated segment speed, scap decided by the practitioner is the maximum

speed that has no penalty, and h(s) = max{0, s}.

The speed control function is added under the prior knowledge of the scientist on the

realistic speed of the trajectories. If there is no information about the speed limit,

we often set h(s) = 0. The penalty term, then, is the linear penalty ¸0 in the form

of a strengthened Schwarz information criterion (sSIC) [9, 44]. Remark that “ = 1

corresponds to the standard SIC penalty considered by Yao [141] in the context of

multiple changepoint detection. Under our construction, we require “ > 1 to provide

the consistency theorem support in Chapter 3. This requirement has also been used

and discussed by Fryzlewicz in proposing the wild binary segmentation (WBS) [44]

for change-in-mean problem and in the Narrowest-over-Threshold (NOT) algorithm

for change-in-mean and change-in-slope problem [9]. Based on empirical experiments,

we suggest choosing “ = 1.2.

2.2.4 Stochastic search of changepoint space

When it comes to the search methods, the issue with using popular methods such

as binary segmentation, PELT, or optimal partitioning has been discussed in the

introduction. Another popular approach, called gradient ascent, has been used in

optimization problems. However, it does not work for us since there are local maxima
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of the score function. The gradient ascent could get stuck at local maxima and could

not return the correct answer for the global maximum of the function (see Figure 2.3

for an example). We chose a stochastic search approach, using a Metropolis-Hastings

algorithm as the search algorithm.

Figure 2.3: An example of gradient ascent could not be used for the change-in-speed
problem. The contour plot for the di�erence in algorithm scores between models of
two change points (�(r2)) and the model of no change points (�(r0)). Panel (A), the
simulated lysosomal movement trajectory in 2D at 100Hz for a duration of 6 seconds
and the two actual change points, 3 seconds and 3.5 seconds, is represented by the
t-vs-x and t-vs-y time series. The dashed lines represent the real change points. The
corresponding segmentation is overlaid in red. Panel (B), we calculated CPLASS
scores for all possible combinations of two change points on this path and compared
them to the log-likelihood of the no-change model.

Metropolis-Hastings algorithm as the searching algorithm

Notice that finding the maximum of the �(r) function is equivalent to finding

the maximum of the exp(�(r)). This algorithm aims to generate an ergodic Markov

chain {r(t)}tØ0 that has exp(�(r)) as its stationary distribution. The maximum of

the exp(�(r)) function can then be approximated by the maximum of the resulting

exp(�(r(t)))’s. It is important to keep in mind that if the proposal function is irre-
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ducible, then the Markov chain attained after running an MH algorithm is irreducible.

Under the MH algorithm’s rules, the chain’s aperiodicity is ensured. Moreover, the

chain {r(t)}tØ0 takes its values in a finite space. Therefore, it is uniformly ergodic

([80]). The detailed balance condition holds under our proposed rules (more discussion

in Section 2.2.4).

In our algorithm, the proposal function for the switch point process takes its values

on the set {0, 1}n≠1, where n is the number of observations. There are four types

of change point vector proposals: (1) an independent switch point process; (2) the

creation or extinction of a change point; (3) the creation or extinction of a segment;

or (4) a location shift of a single change point. Let rprop and rcur denote the proposed

and current switch point process, respectively. The following summary describes each

type of proposal.

• Type 1. Notation qnew. It allows for escaping local maxima and for the number

of change points to vary by proposing an independent switch point process, rprop

following the distribution of Bernoulli random variables with the probability of

a change points is 1 ≠ exp(≠⁄�), where � is the time between observations:

rprop
i

iid≥ Bernoulli(1 ≠ e≠⁄�), for i = 1, ..., n ≠ 1. We have that:

qnew(rprop|rcur) = qnew(rprop)

= (1 ≠ exp(≠⁄�))|rprop| ◊ exp(≠⁄�)n≠|rprop|≠1,

where ⁄ is chosen by the practitioner.

• Type 2. Notation qbd. While type 1 allows to independently draw a new switch

point process rprop, the second type proposal, qbd, provides another way for the

number of change points to vary from iteration to iteration given the current

switch point process rcur. Instead of using the proposal function qbd mentioned
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in [53], we modify it such that the new version of qbd will add one or delete one

change point on the current list of change points with equal probabilities. In

particular, let Mrcur = {M1, ..., M|rcur|} be the set of all current change point

indices and rprop = rcur. There is 50% chance that a component is randomly

sampled from the current switch point indices, s ≥ Uniform (Mrcur), then let

rprop
s = 0. Otherwise, a component s is drawn from the complement of the

current switch point indices set, s ≥ Uniform (Mc
rcur), then rprop

s = 1. For such

a proposal, we have that

qbd(rprop|rcur) =

Y
___]

___[

1
2|rcur|1{rcur ”=0}, if we remove a change point

1
2(n≠1≠|rcur|)1{rcur ”=1}, if we add a change point

• Type 3. Notation qbd2 . The third type of proposal, qbd2 , allows for adding

or removing two nearby switches in the current list of changepoints. Like

type 2, this proposal also provides a way to vary the number of change points

in each iteration. In section 2.2.4, we provide motivation for including and

removing consecutive switches. Let rprop = rcur. We set the chances of adding

or deleting a segment to be equal. In the case where we add a segment, a set

{s, sÕ} ™ Mc
rcur is randomly drawn from one of the |rcur| + 1 segments [Mj≠1, Mj]

(dj := Mj ≠ Mj≠1) where M0 = 0, M|rcur|+1 = n, and M1, ..., M|rcur| œ Mrcur ,

then let rprop
s = rprop

sÕ = 1. In the case where we remove a segment, a set of two

consecutive indices in the set of changepoints indices, i.e., {s, s + 1} ™ Mrcur

(|rcur| Ø 2) is randomly chosen, we then let rprop
s = rprop

s+1 = 0. For this type of

proposal, we have that
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qbd2 (rprop|rcur) =

Y
_]

_[

1
|rcur|1{|rcur|Ø2}, if we delete a segment
1
2

q|rcur|+1
j=1

(dj ≠ 1)(dj ≠ 2)
(n ≠ |rcur| ≠ 1)(n ≠ |rcur| ≠ 2) , if we insert a new segment

where dj is the length of the jth segment and q|rcur|+1
j dj = n.

• Type 4. Notation qshift. This type of proposal allows exploration of the best
combination of change points for a fixed number of change points. We obtain
the proposed switch point process by randomly sampling two components of the
current switch point process as follows:

s ≥ Uniform
1
M|rcur|

2
,

sÕ ≥ Uniform
1
Mc

|rcur|

2
.

The proposal of this type, which is symmetric, is defined as

rprop
i =

Y
]

[
rcur

i , if i ”= s, sÕ

1 ≠ rcur
i , otherwise.

We have that

qshift(rprop|rcur) = 1
|rcur| ◊ 1

n ≠ 1 ≠ |rcur| .

Finally, we combine all these proposal types to become one final proposal function:

qr(rprop|rcur; ur) =

Y
_______]

_______[

qnew(rprop), if 0 Æ ur Æ u1

qbd(rprop|rcur), if u1 < ur Æ u2

qbd2(rprop|rcur), if u2 < ur Æ u3

qshift(rprop|rcur), if u3 < ur Æ 1,

(2.18)

where u1, u2 ≠ u1, u3 ≠ u2, 1 ≠ u3 are probabilities that the proposal type 1, type 2,

type 3, and type 4 are chosen, respectively. The sampling algorithm is then described

in Algorithm 1. We set u1 = 1/4, u2 = 3/8, u3 = 1/2 as default in the algorithm. We

then introduce the CPLASS algorithm as in Algorithm 2.
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Algorithm 1 MH algorithm: Unknown number of change points
Input: The observed data (x, y, t), the rate of switch point processes (⁄), a time rate

(�).
The number of iterations (Tmax).
Output: A list contains Tmax switch point processes {r(t)}Tmax

t=0 with their corresponding
‰RSSr(x, y, t; r(t)), ·k,r(t) , ŝk,r(t) for k = 1, ..., Kr(t) .
1: t = 0. Draw randomly r(0) from a n ≠ 1 i.i.d Bernoulli(1 ≠ e≠⁄�), then compute

‰RSSr(x, y, t; r(0)), ·k,r(0) , ŝk,r(0) (for k = 1, ..., Kr(0)) by using the piecewise linear
approximations.

2: for t = 1, 2, . . . , Tmax do
3: Draw ur ≥ Uniform(0, 1); rprop = qr(.|r(t≠1); ur) (2.18)
4: Compute the acceptance probability

log
!

–
!

r(t≠1), rprop
""

=

I
min

Ó
0, �(rprop) ≠ �(r(t≠1)) + log

1
qr(r(t≠1)|rprop; ur)
qr(rprop|r(t≠1); ur)

2Ô
, e�(r(t≠1))qr(rprop|r(t≠1); ur) > 0

0, e�(r(t≠1))qr(rprop|r(t≠1); ur) = 0.

5: if –
1
r(t≠1), rprop

2
Ø Uniform(0, 1) then

6: Set r(t) = rprop

7: else
8: Set r(t) = r(t≠1)

9: end if
10: Compute ‰RSSr(x, y, t; r(t)), ·k,r(t) , ŝk,r(t) (for k = 1, ..., Kr(t)) by using the

piecewise linear approximations.
11: end for

Algorithm 2 CPLASS algorithm
Input: The output from running Algorithm 1.
Output: A list contains the continuous piecewise linear approximation of the data in

terms of x and y, changes in time, segment durations, segment speeds.
1: Finding the maximum of the collected {�(r(t))}t=1,...,Tmax and returning the corre-

sponding r(tú).
2: Using the continuous piecewise linear approximation with the finding r(tú) and

returning the final output of the algorithm.

Checking the detailed balance condition in the MH algorithm

Given the proposal function with four proposal types in Section 2.2.4, to prove

detailed balance for the MH algorithm, we need to show that the transition kernel
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satisfies:

fi(rcur)qr(rprop|rcur)–(rprop|rcur) = fi(rprop)qr(rcur|rprop)–(rcur|rprop), (2.19)

where

• fi(r) = exp(�(r)) is the target posterior distribution of change points.

• qr(rprop|rcur) is the overall proposal function, combining four di�erent proposal

types with predefined probabilities, and

• –(rprop|rcur) is the MH acceptance probability:

– (rprop|rcur) = min
A

1,
fi(rprop)qr (rcur|rprop)
fi(rcur)qr (rprop|rcur)

B

.

In order to verify the detailed balance condition in the MH algorithm, we need to

analyze whether the proposal function qr(rprop|rcur) satisfies symmetry, meaning that

the probability of proposing rprop given rcur is equal to the probability of proposing rcur

given rprop, or if any asymmetry exists, it is properly accounted for in the acceptance

probability.

We analyze the acceptance probability of each type of proposal in detail:

Type 1: qnew (Independent Switch Point Process Proposal) In this proposal,

we generate a completely new set of changepoints independently of the current state

rcur. The new changepoints are generated from a Bernoulli process with probability

1 ≠ exp(≠⁄�).
We have

qnew(rprop|rcur) =
A

1 ≠ e≠⁄�

e≠⁄�

B|rprop|

◊ (e≠⁄�)n≠1,

qnew(rcur|rprop) =
A

1 ≠ e≠⁄�

e≠⁄�

B|rcur|

◊ (e≠⁄�)n≠1.
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Therefore,

–(rcur|rprop) = min
Q

a1,
fi(rprop)
fi(rcur) ◊

A
e≠⁄�

1 ≠ e≠⁄�

B|rprop|≠|rcur|
R

b ,

Type 2: qbd (Birth/Death Proposal) This proposal adds or removes a single

changepoints at random. We have that if qbd(rprop|rcur) = 1
2|rcur| then qbd(rcur|rprop) =

1
2(n ≠ |rprop| ≠ 1) and vice versa. The acceptance rate is then

–(rcur|rprop) = min
A

1,
fi(rprop)
fi(rcur) ◊ |rcur|

n ≠ |rprop| ≠ 1

B

or

–(rcur|rprop) = min
A

1,
fi(rprop)
fi(rcur) ◊ n ≠ |rcur| ≠ 1

|rprop|

B

,

respective.

Type 3: qbd2 (Segment insertion/deletion proposal) For this type of proposal,

if qbd2(rprop|rcur) = 1
|rcur|1{|rcur|Ø2} then

qbd2(rcur|rprop) = 1
2

|rprop|+1ÿ

j=1

(dj ≠ 1)(dj ≠ 2)
(n ≠ |rprop| ≠ 1)(n ≠ |rprop| ≠ 2)

and vice versa. The acceptance rate is then

–(rcur|rprop) = min

Q

a1,
fi(rprop)
fi(rcur) ◊ |rcur| ◊ 1{|rcur|Ø2} ◊ 1

2

|rprop|+1ÿ

j=1

(dj ≠ 1)(dj ≠ 2)
(n ≠ |rprop| ≠ 1)(n ≠ |rprop| ≠ 2)

R

b

or

–(rcur|rprop) = min

Q

cca1,
fi(rprop)
fi(rcur) ◊

1
|rprop|1{|rprop|Ø2}

1
2

q|rcur|+1
j=1

(dj ≠ 1)(dj ≠ 2)
(n ≠ |rcur| ≠ 1)(n ≠ |rcur| ≠ 2)

R

ddb , respectively.

Type 4: qshift (Shift proposal) This proposal shifts the position of one of the

change points in the current list of change points. The proposal is symmetric as defined.



25

Therefore, the acceptance rate in this case is: –(rcur|rprop) = min
A

1,
fi(rprop)
fi(rcur)

B

.

Given all the acceptance rates for each type of proposal, there are two cases which

are

Case 1: fi(rprop)qnew(rcur|rprop) Ø fi(rcur)qnew(rprop|rcur). We then have

–(rprop|rcur) = 1; –(rcur|rprop) = fi(rcur)qnew (rprop|rcur)
fi(rprop)qnew (rcur|rprop) .

Plugging into the two sides of Equation (2.19), we get that both sides of this

equation are equal to fi(rcur)qnew(rprop|rcur).

Case 2: fi(rprop)qnew(rcur|rprop) < fi(rcur)qnew(rprop|rcur). We then have

–(rcur|rprop) = 1; –(rprop|rcur) = fi(rprop)qnew (rcur|rprop)
fi(rcur)qnew (rprop|rcur) .

Plugging into the two sides of Equation (2.19), we get that both sides of this

equation are equal to fi(rprop)qnew(rcur|rprop).

We finish checking the detailed balance condition.

Necessity of adding or removing a segment

In this part, we explain the reason for adding proposal type 3 in the MH algorithm

1 via the following Numerical Experiment.

A 6-second simulated path at 100Hz with changes at t = 3s and t = 3.5s (Figure

2.4(A)) is introduced. The corresponding segment speeds are (0, 0.2, 0) µm/s. We

assume that the current switch point process is rcur = 0, which means that there are

no change points. Figure 2.4(B) provides the corresponding log-likelihood and score.

Let’s consider the case where the proposal only allows for adding one more change

point at each iteration. Ideally, we expect that the algorithm can find one of the

true change points, keep it, and find another true change point in the next update.

However, it can happen that the proposal, rprop, captures one of the true change
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Figure 2.4: Necessity of the new proposal function, summaries of results from Numerical

Experiment 2.2.4. Panel (A), the simulated lysosomal movement trajectory in 2D at
100Hz for a duration of 6 seconds and the two actual change points, 3 seconds and 3.5
seconds, is represented by the t-vs-x and t-vs-y time series. The dashed lines represent
the real change points. The corresponding segmentation is overlaid in red. Panel (B)
shows di�erent models with change points and their corresponding log-likelihood, the
algorithm score, and the decision in the MH algorithm 1.

points, i.e., rprop
t=3 = 1 or rprop

t=3.5, the score does not good enough for being accepted

by the MH algorithm. Therefore, these naive random walk algorithms can get stuck,

and we cannot find a good result for the change points list. To prevent this situation,

we introduce the type 3 proposal function, which allows adding two consecutive new

change points to the current r. To preserve the irreducibility of the proposal kernel, a

proposal for removing a segment from the current path is indispensable. Now, this new

update can provide a good r as a proposal switching process, which will be accepted

by the MH algorithm (see Panel (B) in Figure 2.4).

2.3 Results

This section investigates the choice of the penalty through experiments and evaluates

the performance of the CPLASS algorithm on both simulated and real datasets.

2.3.1 Speed penalty improves estimation without losing power

We revisit the penalty construction through the following numerical experiments:

(1) performance CPLASS when varying value of “ in the linear penalty term, (2)

the e�ect of adding the speed penalty on the output of CPLASS, and (3) in what
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circumstance the adding of speed penalty is necessary.

Performance of CPLASS with di�erent values of the linear penalty term

In this experiment, we ran CPLASS with di�erent values of “ and recommend

using “ = 1.2 to ensure good performance of CPLASS for sample sizes n Ø 100 (see

Figure 2.5). Particularly, we considered the simulation paths under the two following

setups:

H0 : M0 model with no changes, H1 : M1 model with two changes.

The simulation setups were designed to challenge the algorithm so that the distance

between two actual changepoints under the alternative model remains small (10 and

3 time steps for sample sizes n = 103 and n = 203, respectively), and the speed

between the two changing times is slow (0.15µm/s). Specifically, for n = 103, two

sets of simulation paths were generated over a time period from 0 to 5.15 seconds

with a frequency of 20Hz. The first set consisted of 200 paths with no changes,

simulated under the null hypothesis with ‡ = 0.1 and s = 0µm/s. The second set

contained 200 paths simulated under the alternative hypothesis, with two actual

changes occurring at specific times, namely t = 2.5s and t = 2.65s, ‡ = 0.1, and

(s1, s2, s3) = (0, 0.15, 0)µm/s. We then ran the CPLASS with di�erent “ values

ranging from 1 to 2 (see Panel (A)). We also ran the CPLASS with and without the

speed-control penalty. At each “ value, we reported the probability of the algorithm

returning the correct number of changes, specifically two, in 200 alternative paths, as

well as the probability of the algorithm returning a di�erent number of changes from

zero in the 200 null paths.

In Panel (B), for n = 203, we repeated the above procedure with simulated

trajectories observed at 20Hz over 10.15 seconds with two actual changes at t = 5s
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(A) (B)

Figure 2.5: Varying penalty coe�cient values. Panel (A) 200 simulation paths over 5.15
seconds at 20Hz with s = 0, ‡ = 1 for the null hypothesis. 200 simulation paths over
5.15 seconds at 20Hz with two actual changes at t = 2.5s and t = 2.65s, three segments
speeds (s1, s2, s3) = (0, 0.15, 0), ‡ = 0.01 for the alternative hypothesis. Panel (B) 200
simulation paths over 10.15 seconds at 20Hz with s = 0, ‡ = 1 for the null hypothesis.
200 simulation paths over 10.15 seconds at 20Hz with two actual changes at t = 5s and
t = 5.15s, three segments speeds (s1, s2, s3) = (0, 0.15, 0), ‡ = 0.01 for the alternative
hypothesis. The red colors show the simulation results under the null hypotheses, and
the blue colors show the simulation results under the alternative hypotheses.

and t = 5.15s.

As shown in Figure 2.5, CPLASS e�ectively detects the true number of changepoints

in 95% of the trajectories across both models, even when the distance between two

changepoints and the corresponding segment speed is minimal. The speed penalty

function maintains a high probability of identifying the true number of changepoints

under the alternative hypothesis and keeping the probability of failing to detect a

changepoint under the null model below 0.05 compared to the version without it.

Necessity of the speed penalty

The previous experiment indicates that adding the speed penalty does not negatively

a�ect the algorithm’s output. In other words, it does not impact the number of detected

changepoints but only leads to slight alterations in the locations of changes to maintain

reasonable speed. To leverage the speed penalty based on the knowledge of the dataset,

we conducted CPLASS and BCP on a collection of 250 simulated trajectories derived
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from the base parameter sets in Table 1 from [29] at 25Hz. We then evaluated

the outputs using the Cumulative Speed Allocation statistic introduced in [29] and

the Cumulative Distribution Function of the inferred maximum segment speeds (see

Figure 2.6). For every speed s Ø 0, the CSA is the inferred proportion of time spent at

speeds less than or equal to s. This can be understood as the time-weighted version of

the cumulative distribution function of the speed. We refer to Cook et al. (2024) [29]

for a more detailed discussion on the CSA.

In Panel (A) of Figure 2.6, we display the result of applying the CPLASS (with and

without the speed penalty) and BCP algorithms to 250 simulated trajectories. Each

member of the CSA curve ensembles—orange for the BCP output, blue for CPLASS

without the speed penalty, and green for CPLASS with the speed penalty—is the

inferred CSA calculated from bootstrap resampling of the 250 paths. The evident gap

between the CSA ensembles highlights the distinction between BCP and CPLASS,

particularly in the proportion of time that the simulated particles are moving at speeds

of 0.5µm/s or slower. Meanwhile, both versions of CPLASS (with the speed penalty

activated or deactivated) closely follow the theoretical CSA curve (in black), which was

used to simulate the data. This is consistent with the argument we discussed earlier

in this paper in the issue of missing short-fast segment in the use the dicontinous

piecewise linear model. When comparing between CPLASS with or without speed

penalty, the robust of CSA with respect to segmentation algorithm mentioned in [29]

is confirmed.

The right panel of Figure 2.6 illustrates the empirical cumulative distribution

(ECDF) of the maximum segment speeds after running the BCP and the two versions

of CPLASS. It clearly to see that CPLASS with the speed penalty can follow the

curve CDF of the true maximum speed better than BCP and CPLASS without the

speed penalty.
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Figure 2.6: Example of the necessity of the speed penalty. We simulated a set of 250
simulated trajectories, each of the parameter sets in Table 1 from [29], observed at
25Hz. (Left) Cumulative Speed Allocation (CSA) computation for the simulated
trajectories. The black line denotes the theoretical CSA of each parameter set. The
green lines denote the inferred CSA computed after running CPLASS with the speed
penalty. The blue lines denote the inferred CSA computed after running CPLASS
without the speed penalty. The orange lines denote the inferred CSA computed after
running BCP in [111]. (Right) Empirical cumulative distributions for the collection of
maximum segment speeds of the simulated trajectories after running BCP (orange),
CPLASS with speed penalty (green), CPLASS without speed penalty (blue) are
compared to the actual maximum segment speeds represented in black color.

2.3.2 BCP versus CPLASS

In this section, we compared the discontinuous (using BCP) versus the continuous

piecewise linear models (CPLASS with and without speed penalty) by simulating

20000 paths under the same conditions. All paths had two actual changes observed at

20Hz with ‡ = 0.01, but the positions of the change points varied due to di�erences in

the duration and speed of the middle segment. The 20 values for the middle segment

duration were in the interval from 0.05 second to 1 second, with an increment of

0.05 second. The middle segment speed values (26 di�erent values in µm/s) ranged

from 0.005 µm/s to 0.1 µm/s, increasing by 0.005 µm/s. We fixed the first and third

segments’ duration (2 seconds) and speed (0 µm/s). The sample sizes then varied

from n = 81 to 100. For each variation of the pair of speed and duration, there were
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Figure 2.7: Power analysis comparing CPLASS and BCP. There are 20000 simulated
paths at 20Hz with two actual changes (‡ = 0.01). In each path, the first and the third
segment durations are two seconds. We then varied the middle segment’s durations
(20 di�erent values in seconds) and speeds (20 di�erent values in µm/s). For each
variation of the pair of speed and duration, there are 50 corresponding paths. The
correctly detected percentage Pcorrect is then computed as percentages of finding the
correct number of changes for each case of the duration and speed.

50 corresponding simulated paths. The correctly detected percentage Pcorrect was

then computed as a percentage of finding the correct number of changes for each case

of the duration and speed. We ran CPLASS and BCP for these 20000 simulation

paths; the results showed that CPLASS (with both versions) was better than BCP

in detecting short segments and slow segments, which BCP treated as having no

movement. Figure 2.7 illustrates the comparison. CPLASS e�ective regions (green

region) are expanded compared to BCP, which indicates how CPLASS can detect the

correct number of changepoints under the case of the location between two changes

and the corresponding speed being small. Additionally, this experiment again confirms

that adding the speed penalty function to the penalty function maintains the correctly

detected percentage compared to using only the linear penalty term.

2.3.3 In vivo experimental data - lysosomal transport

In this section, we revisit the data sets in [111]. Two cell lines, monkey kidney

epithelial cells, and human lung epithelial cells were cultured in di�erent media but with
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identical conditions. Cells were supplemented with fetal bovine serum and incubated

at 37¶C and 5% carbon dioxide. For imaging experiments, cells were transduced with

CellLight Lysosomes-green emerald fluorescent protein to label lysosomes fluorescently.

Transduction was carried out according to the manufacturer’s instructions. The study

used live cell imaging and single-particle tracking to observe and characterize lysosome

motion. A confocal microscope was used to collect images, and the TrackMate macro

was used to track lysosomes. They measured the lysosome diameter and defined the

perinuclear region. We refer to Rayen et al. (2022) [111] for more details about data

sets and data processing.
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Figure 2.8: In vivo experimental data analysis. CSA and CDF computations for a set
of 250 experimental lysosome trajectories in the periphery region of the cell from [111].
(Left) CSA computation for the trajectories. The green lines denote the inferred
CSA computed after running CPLASS with the speed penalty. The blue lines denote
the inferred CSA computed after running CPLASS without the speed penalty. The
orange lines denote the inferred CSA computed after running BCP in [111]. (Right)
Empirical cumulative distributions for the collection of maximum segment speeds of
the simulated trajectories after running BCP (orange), CPLASS with speed penalty
(green), CPLASS without speed penalty (blue) are compared to the actual maximum
segment speeds represented in black color.

Figures 2.8 and 2.9 display the results of running both versions of CPLASS and

BCP for lysosomal transport in the periphery of cells, as observed by Rayens et al.

[111]. The findings consistently demonstrate the robustness of CSA concerning the
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segmentation algorithm, as discussed in the 25Hz simulated dataset. The histograms

depicting the number of inferred changepoints (Figure 2.9) illustrate the similarity in

estimating the number of changepoints across both versions of CPLASS, with the mean

estimated changepoints around 6.5 and a standard deviation of 4. Conversely, BCP

detected fewer changepoints, with a mean estimated changepoints of approximately

4 and a standard deviation of 4.4. This can be explained by the issue of missing

short-fast segments when using the discontinuous piecewise linear approximation.

When missing changepoints, more paths are labeled stationary with slow speed (see

the left panel of Figure 2.8).

We reassessed the queries regarding how lysosomal transport varies with lysosome

size and location. Figure 2.10 indicates that intracellular location, rather than diameter,

is a crucial factor in lysosomal motion. This aligns with the findings from Rayens

et al.[111]. Analyzing the CSA plot (the left panel of Figure 2.10), we observe that

the lysosome in the perinuclear region spends more time moving slowly compared

to that in the peripheral region. The right panel of Figure 2.10 confirms that large

lysosomes are slower in transport than small lysosomes; however, overall, there is

not a significant di�erence between these two groups. In [111], in order to study the

di�erences between these group comparisons, the authors first classify the segment

speeds into groups of motile (s > 0.1µm/s) and stationary (s < 0.1µm/s), then

analyze the empirical cumulative distributions for the motile group. Meanwhile, using

CPLASS and CSA, we can analyze the entire collection of segmented speeds and

durations without establishing a threshold for the motile segment group.

2.3.4 In vitro experimental data - quantum dot transport

In this section, we revisited the data sets used in [71] in which quantum dots were

transported by a single kinesin-1 (kin-1) motor, a single dynein-dynactin-BicD2 (DDB)

motor, and by a Kinesin-1/DDB pair. In [71], Jensen et al. developed a protocol
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Figure 2.9: Histogram on inferred number of changepoints resulting from running
CPLASS and BCP on the lysosomal transport in periphery region observed by Rayens
et al. [111].
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Figure 2.10: CSA plots for di�erent group comparisons. (Left) The CSA bootstrap
ensemble curves compare lysosomal transport in perinuclear and periphery regions.
(Right) The CSA bootstrap ensemble curves compare the sucrose-treated groups
restricted to the periphery region of the cell from [111].

for finding changepoints in cargo trajectories that were projected along the length

of a straight microtubule and reporting velocity distributions. The di�erences in

velocity distributions and run lengths revealed the di�erences for di�erent molecular

motor families. Since our proposed CPLASS can handle multidimensional data

sets, we applied it directly to these quantum dot data sets without projecting the

two-dimensional data into a one-dimensional format. We then calculated the CSA

bootstrap ensemble curves (see Figure 2.11) based on the collection of estimated

segment speeds and durations in each motor family group after running CPLASS. The

CSA plot illustrates the di�erences among the motor experiments that correspond

with what one might expect in a molecular motor "folklore". In other words, Kinesin-1
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Figure 2.11: CSA plot for di�erent motor families. The CSA bootstrap ensemble
curves compare cargo trajectories among three groups of motor transports: kinesin-1
(Kin1), Dynein-Dynactin-BicD2 (DDB), and Kinesin-1/DDB pairs.

steps processively with consistent behavior, while DDB (orange curves) exhibits a

broader range of speeds. When both motors are present (green curves), the speed is

generally lower, reflecting the tug-of-war state. This confirms the observations made

about the data sets but o�ers a more refined and robust characterization.

2.4 CPLASS under di�using anchor case

In this section, we studied the e�ect of anchor di�using cases on the detection of

changes in CPLASS, where a second source of noise appears in the anchor location.

In particular, within each segment, we have

ai = aMj≠1 + Vj(ti ≠ ·j≠1) + ›
Ô

�
iÿ

l=Mj≠1+1
÷l, (2.20)

where i = Mj≠1 + 1, ..., Mj, j œ [k] is the index of the segment, ÷l ≥ N (0, Id). When a

segment speed equals 0, the anchor in the considered segment is a Brownian motion.

We simulated trajectories from Equation (2.20) with the standard deviation of the
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Figure 2.12: Anchor Di�using. The di�erences between the actual and inferred number
of changepoints for 200 simulated trajectories using the anchor di�using model in
Equation (2.20) at a framerate of 20Hz and › vary from 0.01 to 0.1 are depicted. The
box plots illustrate the variance in these di�erences at various values of › related to
the second noise source. The red dots present the mean values accordingly to these
di�erences in each ›.

second noise source › values ranging from 0.01 to 0.1. For each ›, 200 trajectories were

simulated at 20Hz (� = 0.05) and ‡ = 0.2 with three actual segments. The changepoint

times were at 2 seconds and 12 seconds. The corresponding segment times were (2, 10, 2)

seconds, actual segment velocities are V1 = (0.5, ≠0.5)€, V2 = (0, 0)€, V3 = (0.5, 0.5)€,

total time is 14 seconds (n = 280). We then ran CPLASS on the simulated data.

Figure 2.12 shows the box plot that summarizes di�erences between the actual and

inferred changepoints. It is evident that CPLASS can e�ectively detect the true

number of changepoints when › = (0.01, 0.02, 0.03, 0.04) with a small variance in the

di�erences. Overfitting issues begin when › increases from 0.05 to 0.1. It can be

explained that as the noise in the anchor increases, Brownian motion can cause the

path to have more false changepoints (see Figure 2.14 for an example). CSA plots

in Figure 2.13 also confirm this phenomenon. When › = 0.01, the ensemble-inferred

CSA curves follow the ensemble-actual CSA curves well. We observe a clear di�erence

between the inferred and actual CSA curves at › = 0.05 and › = 0.1.
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We see that despite the challenge of anchor di�usion, CPLASS continues to e�ec-

tively provide a good continuous piecewise linear approximation in the mean that

follows the trajectories well (see Figure 2.14). The main di�culty now lies in classifying

the states of segments where the di�using anchor leads to more false positives in

labeling the states; this means that the path seems to be moving, but this movement

is caused by di�usion rather than drift. Chapter 4 presents a hypothesis test on

the Stationary/Motile segments, and we will revisit this anchor di�usion model with

further discussion.
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Figure 2.13: Anchor Di�using - CSA comparisons. We simulated three sets of
trajectories at a frame rate of 20Hz and › values of 0.01, 0.05, and 0.1. The inferred
parameters are collected after running CPLASS. The green lines in each plot denote
the inferred CSA computations for each set of simulated trajectories. The orange
lines denote CSA bootstrap samples of the true simulated trajectories.

2.5 Discussion

In this chapter, we introduced the CPLASS algorithm for detecting changes in

velocity within multidimensional data, addressing key challenges in both probability

structure and search methodology. While detecting changes in velocity seems to be

a similar statistical problem to detecting changes in mean, it is fundamentally more

challenging. Popular generic approaches to detecting multiple changepoints do not



38

−4

−2

0

2

−2 0 2
x

y
Simulated Vary_gamma Path 

−2

0

2

x

x− and a− Time Series

−4

−2

0

2

0 5 10
t

y

y− and b− Time Series

0

2

4

6

0 5 10
Segment duration (s)

Sp
ee

d 
(m

u/
s)

Segments: 3
 Inf. Segments: 5

 Inference Gap: 10

Figure 2.14: Anchor Di�using example. An example simulated path under the anchor
di�using model at › = 0.1 with two actual changepoint times at 2 and 12 seconds,
actual segment velocities are V1 = (0.5, ≠0.5)€, V2 = (0, 0)€, V3 = (0.5, 0.5)€. In
the middle segment, the anchor is Brownian motion. The blue line represents the
inferred anchor position resulting from CPLASS, and the orange line denotes the
actual anchor locations. The right panel shows the state segments for each time series.
Each green panel denotes a Motile segment, and each red panel denotes a Stationary

segment. The shaded gray panel denotes the di�erentiating overlap of the inferred vs.
actual segment panels, i.e., the inference gap detailed in [29] and will be revisited in
Section 4.3. In the segment duration versus speed plot, the blue points denote the
inferred segments, and orange points denote the actual simulated segments. With
› = 0.1, the noisy trajectory makes CPLASS detect more changepoints than the truth.

work for detecting changes in velocity. For example, binary segmentation detects a

single changepoint but struggles with initial errors in changepoint locations. Existing

dynamic programming algorithms like PELT and optimal partitioning cannot handle

change-in-velocity due to continuity assumptions that create parameter dependencies,
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breaching independence structures. To address these issues, Baranowski et al. [9]

proposed the Narrowest-Over-Threshold (NOT) algorithm, while Fearnhead et al.

[39] introduced a variant of dynamic programming, and Kim et al. [78] o�ered

trend-filtering methods. These work well for one-dimensional slope changes, but our

challenge arises from analyzing multidimensional intracellular transport data. These

challenges motivated our development of an MCMC-based approach, which includes

specialized proposal mechanisms tailored to e�ciently navigate the parameter space.

While we established a consistency theorem for our method (in Chapter 3), real-

world applications—such as molecular motor data—often involve small sample sizes

(n). To address this, we introduced a speed penalty that enhances statistical power

and robustness for small n while preserving consistency in the large-sample limit.

Furthermore, we demonstrated that comparing the new tool - Cumulative Speed

Allocation (CSA) [29] and Cumulative Distribution Function (CDF) reveals that the

proportion of time spent at di�erent speeds o�ers a more stable performance metric

than segment velocity counts, making it less sensitive to algorithmic variations.

Crucially, our method is inherently multidimensional, allowing it to capture complex

structures in diverse datasets. Nevertheless, computational e�ciency poses a challenge,

as MCMC search is inherently slow. Future e�orts will concentrate on optimizing

the search process to enhance convergence speed and maximize likelihood estimation.

Furthermore, being mindful of the challenges posed by anchor di�usion, we will require

a more robust statistical tool to study the state of the segment (i.e., Motile states

vs. Stationary states - see Chapter 4). In addition, ensuring the consistency of CSA

inference remains an open theoretical question that merits further investigation.

Finally, our dataset analysis provides a refined and more robust characterization of

molecular motor behavior, reinforcing known biological findings with greater precision.

This improved resolution opens avenues for deeper insights into biophysical processes,
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demonstrating the potential of CPLASS in both theoretical and applied contexts.
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Chapter 3

Consistent estimate of changepoints

with sSIC

In this chapter, we consider the asymptotic properties of estimating changepoints by

maximizing (2.16) under the choice of the linear penalty |r| log(n)“ (with “ > 1) (which

equivalent to obtain the penalized MLE f̂n, ‡2
n and k̂n of (2.5) with pen = k log(n)“).

3.1 Statement of consistency theorem

Our model aims to learn the continuous and piecewise linear function of particles’

movement from noisy data. A particle is observed in a period from 0 to T with frame

rate �, i.e., observed at time T := {t1, . . . , tn}, where ti = i� for i = 1, . . . , n, and

n = T/� is assumed to be an integer. The final goal of this theoretical section is to

understand the consistency of the estimated function as the frame rate � æ 0 (i.e.,

n æ Œ). Because T is held fixed in our argument, without loss of generality, we can

assume T = 1, so that n = 1/� and ti = i/n for all i.

We start by recalling notations for the class of piecewise linear model from T æ Rd.

On t œ T , a multivariate continuous piecewise linear function f· ,V,a : T æ Rd,

parametrized by changepoint · = (·1, . . . , ·k≠1) with 0 =: ·0 < ·1 < ·2 < · · · <

·k≠1 < ·k := tn = 1, sets of slopes V = (V0, . . . , Vk≠1) µ V µ Rd, and initial intercept
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a œ A µ Rd, is defined as

f· ,V,a(t) =
Q

aa ≠
iÿ

j=1
(Vj ≠ Vj≠1)·j≠1

R

b + Vit ’t œ (·i, ·i+1], i œ [0, k], (3.1)

where V and A are two compact subsets of Rd. In the following, we assume those

compact sets are known and fixed. When Vj ”= Vj≠1 for all j œ [1, k ≠ 1], the signal

function f· ,V,a is said to have k segments (or pieces) and (k ≠ 1) changepoints. Denote

Fk by the collection of such signal functions with k pieces.

Recall that we assume n multivariate observation (Yi)n
i=1 µ Rd of a particle’s

locations on T = {t1, . . . , tn} are generated according to a true signal function and

Gaussian noises:

yi
ind.≥ N (f 0(ti), ‡2

0Id), (3.2)

where f 0(t) := f· 0,V0,a0(t) is the true signal function of k0 segments with true change-

points · 0 = (· 0
1 , . . . , · 0

k0≠1), sets of slopes V = (V 0
0 , . . . , V 0

k0≠1) µ Rd, and initial

intercept a0 œ Rd. Id is the d≠dimensional identity matrix. ‡2
0 is the true variance,

which is assumed to belong to a known compact set � = [‡2, ‡2] µ (0, Œ). As

discussed in the main text, given the set of observation (Yi)n
i=1, our goal is to infer the

true number of segments k0, parameters · 0, V0, a0 of the true signal function and the

noise level ‡2
0.

CPLASS aims to learn those parameters by maximizing a penalized likelihood of

changepoint models with at most k segments to the data

( ‚fn, ‚‡2
n, ‚kn) = arg max

fœFk,‡2œ�,kÆk

nÿ

i=1
log N (yi|f· ,V,a(ti), ‡2I) ≠ (k ≠ 1)(log(n))“, (3.3)

where 1 < “ < Œ, to get the MLE ‚fn := f‚· n
,‚Vn

,‚an of ‚kn pieces. As discussed in the
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main text, given the optimal signal function ‚fn, the optimal variance ‚‡2
n can be shown

as the average RSS:

‚‡2
n =

qn
i=1 Îyi ≠ ‚fn(ti)Î2

nd
, (3.4)

so that problem (3.3) is equivalent to maximizing the criterion function:

( ‚fn, ‚kn) = arg max
fœFk,kÆk

≠nd

2 log
A

nÿ

i=1
Îyi ≠ f· ,V,a(ti)Î2

B

≠ (k ≠ 1)(log(n))“. (3.5)

Theorem 3.1: Consistency Theorem

Suppose that data is generated according to the true model (2.4) with true signal

function f 0 = f· 0,V0,a0 of k0 pieces, mini |· 0
i ≠ · 0

i≠1| > C1 > 0 and mini ÎV 0
i ≠

V 0
i≠1Î > C2 > 0. Then the penalized MLE solution ‚fn, ‚‡2

n, ‚kn obtained from (2.5),

where pen = k log(n)“ ( with “ > 1), satisfies

P0

Q

a‚kn = k0, max
i=1,...,k0≠1

|‚·n
i ≠ · 0

i | Æ C

Û
log n

n

R

b æ 1, (3.6)

as � æ 0 (n æ Œ), where P0 is the probability associated with the true model,

C is a contant depending on C1, C2, and k.

Theorem 3.1 established the consistency of the changepoints and number of change-

points in penalized MLE problem (2.5) with the pen = k log(n)“ (for “ > 1). Note

that we allow the true signal function f 0 to vary as n varies. As long as the condition

mini |· 0
i ≠ · 0

i≠1| > C1 > 0 and mini ÎV 0
i ≠ V 0

i≠1Î > C2 > 0 hold, then the consistency

result (3.6) holds.

The findings closely resemble those from the Narrowest-over-Threshold method

used by Baranowski, Chen, and Fryzlewicz [9], as well as Fearnhead, Maidstone,

and Letchford [39], designed to identify slope changes. Here, specifically consider
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the penalized MLE framework and show that the estimator is also consistent. The

theoretical justification of our model is somewhat more challenging than [93] due to the

continuous requirement of the signal function. Our proof technique relies on empirical

process theory [129], which is a popular framework for showing the consistency of

M-estimations such as MLE.

Notice that we provide the consistency theorem for the linear penalty term. There is

an assumption about the compactness of the space of segment speeds associated with a

trajectory. In practice, this is a reasonable assumption; for example, we know that the

speed of the lysosome cannot exceed 2µm/s. Adding the speed penalty will not reduce

the consistency of CPLASS, as it only reflects the practitioner’s prior knowledge of

the upper limit of speed supporting the compactness assumptions. In Section 2.3.1,

we conducted numerical experiments to confirm the necessity of incorporating the

speed penalty term, ensuring it does not reduce the consistency in estimating the

number of changepoints.

We note that (3.3) is equivalent to finding the MLE with each k œ [k]

( ‚f (k)
n , ‚‡2

n,k) = arg max
fœFk,‡2œ�

nÿ

i=1
log N (yi|f· ,V,a(ti), ‡2I), (3.7)

and then find

‚kn = arg max
kœ[k]

nÿ

i=1
log N (yi| ‚f (k)

n (ti), ‚‡2
n,kI) ≠ (k ≠ 1)(log(n))“. (3.8)

Hence, to prove Theorem 3.1, we aim to understand the convergence of the param-

eters and likelihood in (2.6) for each k first. Central to our theoretical development is

the empirical process theory [129], which provides uniform convergence of empirical

average log-likelihood to population average log-likelihood. For a function f : T æ Rd

and ‡ > 0, denote the empirical and population average log-likelihood with respect to
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parameter f and ‡2 as

Ln(f, ‡2) = 1
n

nÿ

i=1
log N (yi|f· ,V,a(ti), ‡2). (3.9)

and

L0(f, ‡2) = 1
n

nÿ

i=1
EYi≥N(f0(ti),‡2

0) log N (Yi|f· ,V,a(ti), ‡2), (3.10)

respectively.

3.2 Preliminaries on empirical process theory

Given two sequences of non-negative functions (p1, . . . , pn) and (q1, . . . , qn) on Y

(support of data, which is Rd is our problem), define the Hellinger process distance [52,

129] between product densities p = ¢n
i=1pi and q = ¢n

i=1qi and its average to be

h2
n(p, q) := 1

2

nÿ

i=1
h2(pi, qi), h

2
n(p, q) := 1

n
h2

n(p, q). (3.11)

Note that for the arguments below, for ease of notation, we write f̂ (k)
n for f‚· n,k

,‚Vn,k
,‚an,k ,

and f 0 for f· 0,V0,a0 .

For function f· ,V,a and noise level ‡2, let p(n)
· ,V,a,‡2 denote the product density

¢n
i=1N (yi|f· ,V,a(ti), ‡2) on Yn. Let p(n)

0 denote the product true density ¢n
i=1N (yi|f 0(ti), ‡2

0)

on Yn. The Empirical process theory provides many useful concentration inequalities

uniformly over balls in the density space {p(n)
· ,V,a,‡2 : · µ T , V µ V , a œ A, ‡2 œ �}

so that the convergence rate of MLE boils down to calculate (or su�ciently provide

an upper bound for) the smallest number of balls to cover this space in the Hellinger

process distance. This number is often referred to as the "covering number", which we

will now define.
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Definition 3.1: Entropy number with bracketing

For ” > 0 and a set � µ T k≠1 ◊ Vk ◊ A ◊ �, let NB(”, �) be the smallest integer

N such that there exists a collection of non-negative functions {pL
j , pU

j }N
j=1 with

pL
j = (pL

j1, . . . , pL
jn) and pU

j = (pU
j1, . . . , pU

jn) such that for every (· , V, a, ‡2) œ �,

there is a j such that

(i) hn

Q

apL
j + p(n)

0
2 ,

pU
j + p(n)

0
2

R

b Æ ” and

(ii) pL
ji(yi) Æ N (yi|f· ,V,a(ti), ‡2) Æ pU

ji(yi) for all yi œ Y and i œ [n].

Then NB(”, �) and HB(”, �) = log NB(”, �) are called the Hellinger covering

number and entropy number with bracketing, respectively. When � = T k≠1 ◊

Vk ◊ A ◊ �, we write those numbers as NB(”) and HB(”) for short.

For c0 being a suitable universal constant [129], define the entropy integral:

JB(”) :=
⁄ ”

”2/c0
H1/2

B (u)du ‚ ”, 0 < ” Æ 1. (3.12)

The main result, of which the notation is adapted to our model, is stated as follows.

Theorem 3.2: Theorem 8.14 in [129]

Suppose there exists a function �(”) Ø JB(”), and �(”)/”2 is a non-increasing
function of ”. Then for a given sequence (”n) and a universal constant c > 0
satisfying

Ô
n”2

n Ø c�(”n), (3.13)

we have that for all ” Ø ”n,

P0

3
hn

3
p(n)

‚· ,‚V,‚a,‚‡2 , p(n)
0

4
Ø ”

4
Æ c exp

A

≠n”2

c2

B

. (3.14)
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We also need a uniform concentration bound of the empirical process:

Theorem 3.3: Theorem 8.13 in [129]

Let positive numbers R, D, C1, b, and a subset of parameter space � µ T k≠1 ◊

Vk ◊ A ◊ � satisfy:

hn(p̄(n)
· ,V,a,‡2 , p(n)

0 ) Æ R ’(·, V, a, ‡2) œ �, (3.15)

b Æ C1
Ô

nR2 · 8
Ô

nR, (3.16)

and

b Ø
Ò

D2(C1 + 1)
A⁄ R

b/(26Ô
n)

H1/2
B

A
uÔ
2

, �
B

du ‚ R

B

, (3.17)

then

P0

3
sup

(·,V,a,‡2)œ�

Ô
n|Z̄· ,V,a,‡2 ≠ Ā· ,V,a,‡2| Ø b

4
Æ D exp

C

≠ b2

D2(C1 + 1)R2

D

,

(3.18)

where Z· ,V,a,‡2 = (Z1,· ,V,a,‡2 , · · · , Zn,· ,V,a,‡2) with

Zi,· ,V,a,‡2 = 1
2 log

A
N (yi|f· ,V,a(ti), ‡2) + N (yi|f 0(ti), ‡2

0)
2N (yi|f 0(ti), ‡2

0)

B

,

Z̄· ,V,a,‡2 = 1
n

qn
i Zi,· ,V,a,‡2 , Ā· ,V,a,‡2 = 1

n

qn
i=1 EYi≥N (f0(ti),‡2

0)Zi,· ,V,a,‡2 , and

p̄(n)
· ,V,a,‡2 =

p(n)
· ,V,a,‡2 + p(n)

0

2 .

For the proof of Theorems 3.2 and 3.3, we refer to Vandegeer (2020) [129].
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3.3 Convergence of latent piecewise functions and

likelihood functions

There are some notations that we used during the proofs of this thesis. We present

them as follows.

Notation. For two sequences (an)Œ
n=1 and (bn)Œ

n=1, we write an . bn (or an = O(bn))

if an Æ Cbn where C is a constant not depending on n. We write an & bn when bn . an,

and an ® bn if an & bn and bn . an. We write an π bn (or an = o(bn)) if an/bn æ 0 as

n æ Œ. For two density functions p and q, denote h2(p, q) = 1
2

s
(p1/2(y) ≠ q1/2(y))2dy

by the square Hellinger distance, V (p, q) = 1
2

s
|p(y) ≠ q(y)|dy the Total Variation

distance, and KL(pÎq) =
s

p(y) log p(y)
q(y)dy by the Kullback-Leibler divergence between

p and q. They are related by V 2 Æ
Ô

2h Æ V and V (p, q) Æ
Ò

2KL(pÎq).

Lemma 1. Suppose that � µ [c, c] with 0 < c < c < Œ. For all µ, µ̃ œ Rd
and

‡2, ‡̃2 œ �, we have

h2(N (µ, ‡2Id), N (µ̃, ‡̃2Id)) ® Îµ ≠ µ̃Î2 + (‡2 ≠ ‡̃2)2, (3.19)

and

sup
yœRd

---N (y|µ, ‡2Id) ≠ N (y|µ̃, ‡̃2Id))
--- . Îµ ≠ µ̃Î + |‡2 ≠ ‡̃2|. (3.20)

Proof of Lemma 1. 1. Proof of (3.19):

Recall the Hellinger distance between two location-scale Gaussian:

h2(N (µ, ‡2Id), N (µ̃, ‡̃2Id)) = 1 ≠ ‡1/2‡̃1/2

((‡2 + ‡̃2)/2)1/2 exp
;

≠1
8

3 2
‡2 + ‡̃2

4
Îµ ≠ µ̃)Î2

<
.
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Firstly, we notice

1
2 max{‡2, ‡̃2} Îµ ≠ µ̃Î2 Æ 1

‡2 + ‡̃2 Îµ ≠ µ̃Î2 Æ 1
2 min{‡2, ‡̃2} Îµ ≠ µ̃Î2 .

Therefore, 1
‡2 + ‡̃2 Îµ ≠ µ̃Î2 ® Îµ ≠ µ̃Î2.

We also have that

cx Æ 1 ≠ exp(≠x) Æ x,

for all x œ [0, C] where c depends on C. Hence,

h2(N (µ, ‡2Id), N (µ̃, ‡̃2Id)) ® log(‡2) + log(‡̃2) ≠ 2 log
A

‡2 + ‡̃2

2

B

+ Îµ ≠ µ̃Î2 .

Let ” = ‡2 ≠ ‡̃2. We have

log(‡2) + log(‡̃2) ≠ 2 log
A

‡2 + ‡̃2

2

B

= log
A

4‡̃4 + 4”‡̃2

4‡̃4 + 4‡̃2” + ”2

B

= log
A

1 + ”/‡̃2

1 + ”/‡̃2 + ”2/(4‡̃4)

B

.

For small ”, use the approximation that 1 + x

1 + y
¥ 1 + (x ≠ y) and log(1 ≠ x) ¥ ≠x we

have

log(‡2) + log(‡̃2) ≠ 2 log
A

‡2 + ‡̃2

2

B

¥ log
A

1 ≠ ”2

4‡̃4

B

¥ ≠ ”2

4‡̃4

This implies that

log(‡2) + log(‡̃2) ≠ 2 log
A

‡2 + ‡̃2

2

B

® (‡2 ≠ ‡̃2)2.
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We finish proving

h2(N (µ, ‡2Id), N (µ̃, ‡̃2Id)) ® Îµ ≠ µ̃Î2 + (‡2 ≠ ‡̃2)2.

2. Proof of (3.20): We have that

N (y|µ, ‡2Id) = 1
(2fi‡2)d/2 exp

A

≠Îy ≠ µÎ2

2‡2

B

The derivative with respect to µ and ‡2 are then

ˆ

ˆµ
N (y|µ, ‡2Id) = N (y|µ, ‡2Id) · y ≠ µ

‡2 , (3.21)

ˆ

ˆ‡2 N (y|µ, ‡2Id) = N (y|µ, ‡2Id) ·
A

≠ d

2‡2 + Îy ≠ µÎ2

‡4

B

. (3.22)

By Cauchy-Schwarz inequality and triangle inequality, we have that:

-----
ˆ

ˆµ
N (y|µ, ‡2Id)

----- Æ N (y|µ, ‡2Id) · Îy ≠ µÎ
‡2 , (3.23)

-----
ˆ

ˆ‡2 N (y|µ, ‡2Id)
----- Æ N (y|µ, ‡2Id) ·

A
d

2‡2 + Îy ≠ µÎ2

‡4

B

. (3.24)

From the Mean Value Theorem, the di�erence |N (y|µ, ‡2Id) ≠ N (y|µ̃, ‡̃2Id))| can be

expressed in terms of the gradients with respect to µ and ‡2:

sup
yœRd

---N (y|µ, ‡2Id) ≠ N (y|µ̃, ‡̃2Id))
--- Æ LµÎµ ≠ µ̃Î + L‡2|‡2 ≠ ‡̃2|, (3.25)

where

Lµ = sup
yœRd

Îy ≠ µÎ
‡2 N (y|µ, ‡2Id) = sup

yœRd

1
(2fi)d/2‡2(d/2+1)
¸ ˚˙ ˝

is bounded since ‡2œ[‡2,‡2]

Îy ≠ µÎ exp
A

≠Îy ≠ µÎ2

2‡2

B

¸ ˚˙ ˝
is bounded

Æ C Õ,
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and

L‡2 = sup
yœRd

3
d

2‡2 + Îy ≠ µÎ2

‡4

4
N (y|µ, ‡2Id)

= sup
yœRd

3
d

2‡2 + Îy ≠ µÎ2

‡4

4 1
(2fi‡2)d/2 exp

A
≠Îy ≠ µÎ2

2‡2

B

= sup
yœRd

d

2(2fi)d/2‡2(d/2+1)
¸ ˚˙ ˝

is bounded since ‡2œ[‡2,‡2]

exp
3

≠Îy ≠ µÎ2

2‡2

4

¸ ˚˙ ˝
is bounded

+ 1
(2fi)d/2‡2(d/2+2)
¸ ˚˙ ˝

is bounded since ‡2œ[‡2,‡2]

Îy ≠ µÎ2 exp
3

≠Îy ≠ µÎ2

2‡2

4

¸ ˚˙ ˝
is bounded

Æ C ÕÕ

are Lipschitz constants.

We then obtain

sup
yœRd

---N (y|µ, ‡2Id) ≠ N (y|µ̃, ‡̃2Id))
--- . Îµ ≠ µ̃Î + |‡2 ≠ ‡̃2|.

To prepare for the next theorem, we define the average empirical L2 distance

between two functions f, g : [0, 1] æ Rd as follows

Îf ≠ gÎn =
A

1
n

nÿ

i=1
Îf(i/n) ≠ g(i/n)Î2

B1/2

. (3.26)

Theorem 3.4: Convergence rates of parameters

Given the same condition as in Theorem 3.1, for all k Ø k0, there exist universal
constants c1, c2 > 0 such that with at least probability 1 ≠ c1n≠c2 we have

Î ‚f (k)
n ≠ f 0Î2

n Æ C

A
k log n

n

B

, |‚‡2
n,k ≠ ‡2

0| Æ C

A
k log n

n

B1/2

, (3.27)

and
0 Æ Ln( ‚f (k)

n ) ≠ Ln(f 0) Æ Ck
log(n)

n
, (3.28)

where C only depends on d, V , A and � (but not k and n).
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Proof. The proof is divided into a few small steps.

Step 1. Bound the covering number of the space of changepoint models

To apply Theorem 3.2 to provide the convergence of parameters and likelihood, we

need to bound the covering number with bracketing for the space of changepoint

models with k pieces. We generalize the technique in [51] for our model.

Step 1.1. Covering the space of changepoint models with fixed changes

under ¸Œ norm. Suppose that the set of changes · = (·1, . . . , ·k≠1) µ (0, 1) is

fixed. Given Á > 0, because A is compact in Rd, we can find a set {ai}N1
i=1 µ A with

N1 ® (1/Á)d such that for every a œ A, there exists an ai so that Îa ≠ aiÎŒ < Á. We

say that {ai}N1
i=1 is an Á-net of A under ¸Œ norm. Similarly, we can find an Á-net (Vi)N2

i=1

of V and (‡2
i )N3

i=1 of � with the cardinality N2 ® (1/Á)d and N3 ® (1/Á). Consider the

net

B = {(ai0 , Vi1 , . . . , Vik
, ‡2

ik+1) : i0 œ [N1], i1, . . . , ik œ [N2], ik+1 œ [N3]} µ A ◊ Vk ◊ �.

We have that |B| ® (1/Á)(k+1)d+1, and for every tuple (a, V, ‡2) œ A ◊ Vk ◊ �, there

exists an element (ã, Ṽ, ‡̃2) in B that is Á≠close to it under ¸Œ norm. For all i œ [k]

and t œ [·i, ·i+1), we have

...f· ,V,a(t) ≠ f· ,Ṽ,ã(t)
...

Œ
=

......
(a ≠ ã) +

iÿ

j=1
(Vj ≠ Ṽj ≠ (Vj≠1 ≠ Ṽj≠1))·j≠1 + (Vi ≠ Ṽi)t

......
Œ

Æ Îa ≠ ãÎŒ +
Q

a
iÿ

j=1
ÎVj ≠ ṼjÎŒ +

i≠1ÿ

j=1
ÎVj ≠ ṼjÎŒ

R

b max
j

·j≠1 + ÎVi ≠ Ṽi≠1ÎŒt Æ (2k + 2)Á.

Hence,

Îf· ,V,a(t) ≠ f· ,Ṽ,ã(t)ÎŒ Æ (2k + 2)Á ’t œ [0, 1].
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Combining with Lemma 1, it implies

sup
yiœRd

|N (yi|f· ,V,a(ti), ‡2I) ≠ N (yi|f· ,Ṽ,ã(ti), ‡̃2I)| . kÁ, ’i œ [n]. (3.29)

Step 1.2. Covering the space of changepoint models with fixed changes

under Hellinger distance (with bracketing). For every ” > 0, from the previous

step, we have a collection of product normal densities {pj}N
j=1 with pj = (pj1, . . . , pjn)

on Yn and N ® (k/”)(k+1)d+1 such that for every tuple (a, V, ‡2) œ A ◊ Vk ◊ �, there

exists a pj satisfying

sup
yiœRd

|N (yi|f· ,V,a(ti), ‡2I) ≠ pji(yi)| Æ ”, ’i œ [1, n]. (3.30)

Moreover, we have the mean and variance of pji are in a compact space M µ Rd and

� = [‡2, ‡2] µ (0, Œ) for all i œ [n], j œ [N ]. Hence, we can find an upper bound

(envelop)

H(y) =

Y
___]

___[

b1 exp(≠b2 ÎyÎ2), ÎyÎ Ø B,

(
Ô

2fi‡2)≠d, otherwise
(3.31)

of pji(y) for all j œ [1, N ] and i œ [1, n], for some constants b1, b2, B > 0. We

can construct brackets [pL
j , pU

j ] with pU
j = (pU

j1, . . . , pU
jn) and pL

j = (pL
j1, . . . , pL

jn) as

following:

pL
ji(y) = max{pji(y) ≠ ”, 0},

pU
ji(y) = min{pji(y) + ”, H(y)}.

With this construction, (3.30) implies

pL
ji(yi) Æ N (yi|f· ,V,a(ti), ‡2I) Æ pU

ji(yi) ’yi œ Rd, i œ [1, n]. (3.32)
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Hence, this collection of brackets satisfies condition (ii) in the definition of covering

with bracketing (Defintion 3.1). Now, we are checking condition (i). For any j, i and

B Ø B,

⁄

Rd
(pU

ji ≠ pL
ji)dy Æ

⁄

ÎyÎÆB
2”dy +

⁄

ÎyÎØB
H(y)dy

. ”B
d + B

d exp
1
≠b2B

22
, (3.33)

where we use spherical coordinates to have

⁄

ÎyÎÆB
dy = fid/2

�(d/2 + 1)B
d . B

d
,

and

⁄

ÎyÎØB
exp

1
≠b2 ÎyÎ22

dy .
⁄

rØB
rd≠1 exp

1
≠b2r

2
2

dr

= 1
2b1/2

2

⁄ Œ

B
2 ud/2≠1 exp(≠u)du (with u = b2r

2)

Æ 1
2b1/2

2
B

d≠2 exp(≠B
2).

Hence, choosing B = B(log(1/”))1/2 in (3.33) gives

⁄

Rd
(pU

ji ≠ pL
ji)dy . ”

3
log

31
”

44d/2
. (3.34)
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Moreover, denote p0
i = N (yi|f 0(ti), ‡2

0) the density of yi under the true model. Because

pU
ji Ø pL

ji, we have

h2
A

pU
ji + p0

i

2 ,
pL

ji + p0
i

2

B

=
⁄

Rd

Q

a

Û
pU

ji + p0
i

2 ≠

Û
pL

ji + p0
i

2

R

b
2

dy

Æ
⁄

Rd

A
pU

ji + p0
i

2 ≠
pL

ji + p0
i

2

B

dy

= 1
2

⁄

Rd
(pU

ji ≠ pL
ji)dy

. ”
3

log
31

”

44d/2
.

Therefore,

hn

Q

apU
j + p(n)

0
2 ,

pL
j + p(n)

0
2

R

b . ”1/2(log(1/”))d/4.

Hence, there exists a positive constant c which does not depend on ” such that

HB(c”1/2 log(1/”)d/4) Æ log N . k log(1/”).

Let ‘ = c”1/2(log(1/”))d/4, we have log(1/‘) ® log(1/”), which yields

HB(‘) . k log(1/‘),

for all ‘ su�ciently small.

Step 1.3. Aggregate changepoints Because there are
1

n
k

2
ways to choose k

changepoints among n data points, the covering number with bracketing of the whole

model can be bounded as

NB(‘) .
A

n

k

B

(1/‘)k Æ
3

n

‘

4k

.
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Hence, the entropy number with bracketing of the whole model can be bounded as

HB(‘) . k log
3

n

‘

4
.

In particular, there exists CB that only depends on d, V , A and � such that for n

su�ciently large, HB(‘) Æ CBk log(n/‘).

Step 2. Convergence rate of parameter estimation Consequence of Theo-

rem 3.2.

Since log(n/u) is a non-increasing function of u, we have

JB(Á) Æ
⁄ Á

Á2/c0
(CBk log(n/u))1/2du ‚ Á

Æ C1/2
B Á

A

k log n

(Á2/c0)

B1/2

Æ C1/2
B Á(k log(n/Á))1/2,

for all Á small enough. Hence, for �(Á) = C1/2
B Á(k log(n/Á))1/2, we have �(Á)/Á2 is a

non-increasing function, and let Án = max{1, 2cC1/2
B }(k log n/n)1/2 (c > 0 is a given

universal constant), we have

c�(Án) = cC1/2
B Án(k log(n/Án))1/2 Æ Án ◊ (2cC1/2

B (k log(n))1/2) Æ Á2
n

Ô
n.

Substitute Á = Án to the conclusion of Theorem 3.2, we have

P0

A
hn

3
p(n)
‚· ,‚V,‚a,‚‡2

, p(n)
0

4
Ø max{1, 2cC1/2

B }
3

k log n

n

41/2B
Æ c exp

3
≠

1
max{1, 2cC1/2

B }
22

k log(n)/c2
4

Æ c1n≠c2 , (since k Ø 1 and(max{1, 2cC1/2
B })2 Ø 1)

where CB depends on d, V , A, and � only, and c1 = c and c2 = 1
c2 are universal

constants.
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As a consequence of Lemma 1, we have that

Î ‚f (k)
n ≠ f 0Î2

n + |‚‡2
n,k ≠ ‡2

0|2 ® h
2
n

3
p(n)

‚· ,‚V,‚a,‚‡2 , p(n)
0

4
,

therefore,

Î ‚f (k)
n ≠ f 0Î2

n Æ C

A
k log n

n

B

, |‚‡2
n,k ≠ ‡2

0| Æ C

A
k log n

n

B1/2

, for k Ø k0 (3.35)

where C depends on d, V , A, and � only, and c1 and c2 are universal constants.

Step 3. Convergence rate of likelihood functions We denote Pn = 1
n

qn
i=1 ”yi

and P0 = 1
n

qn
i=1 EYi≥N (f0(ti),‡2

0). We aim to apply Theorem 3.3 to show the convergence

of the likelihood functions. All of the following arguments hold for k Ø k0, and we work

with
N (yi|f‚· ,‚V,‚a(ti), ‚‡2

n,k) + N (yi|f 0(ti), ‡2
0)

2N (yi|f 0(ti), ‡2
0) instead of

N (yi|f‚· ,‚V,‚a(ti), ‚‡2
n,k)

N (yi|f 0(ti), ‡2
0) because

the former is always bounded below by 1/2, but the latter is not.

By the concavity of the log function, we have

1
2 log

N (yi|f‚· ,‚V,‚a(ti), ‚‡2
n,k)

N (yi|f 0(ti), ‡2
0) Æ log

Q

a
N (yi|f‚· ,‚V,‚a(ti), ‚‡2

n,k) + N (yi|f 0(ti), ‡2
0)

2N (yi|f 0(ti), ‡2
0)

R

b (3.36)

Recall that we have proved

P0

Q

ahn

3
p(n)

‚· ,‚V,‚a,‚‡2
n,k

, p(n)
0

4
Æ C

A
k log n

n

B1/2R

b Ø 1 ≠ c1n
≠c2 ,

for some constant C > 0. And for any density p we have that h
3

p + p0
2 , p0

4
Æ

h(p, p0) Æ 4h
3

p + p0
2 , p0

4
. Therefore,

P0

Q

ccahn

Q

cca

p(n)
‚· ,‚V,‚a,‚‡2

n,k

+ p(n)
0

2 , p(n)
0

R

ddb Æ C

A
k log n

n

B1/2
R

ddb Ø 1 ≠ c1n
≠c2 ,
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Substitute R = C

A
k log n

n

B1/2

, b = C
k log n

n1/2 in Theorem 3.3, we have b Æ
Ô

nR2 Æ
Ô

nR, and

b Ø R

A

log
A

26Ôn

b

BB1/2

Ø
⁄ R

b/(26Ô
n)

H1/2
B

A
uÔ
2

, �
B

du ‚ R.

Hence,

P0

Q

ca sup
h̄n

!
p̄

(n)
·,V,a,‡

,p
(n)
0

"
ÆC

!
k log n

n

"1/2

----
Ô

n(Pn ≠ P0) log
3

N (yi|f· ,V,a(ti), ‚‡2
n,k) + N (yi|f0(ti), ‡2

0)
2N (yi|f0(ti), ‡2

0)

4---- Ø C
k log n

n1/2

R

db

Æ c1n≠c2 , (3.37)

for some universal constants c1, c2. Combining with the bound on the Hellinger

distance,

P0

Q

a

------
(Pn ≠ P0) log

Q

a
N (yi|f‚· ,‚V,‚a(ti), ‚‡2

n,k) + N (yi|f 0(ti), ‡2
0)

2N (yi|f 0(ti), ‡2
0)

R

b

------
Ø C

k log n

n

R

b Æ 2c1n
≠c2 ,

(3.38)

Furthermore,

P0 log
Q

a
N (yi|f‚· ,‚V,‚a(ti), ‚‡2

n,k) + N (yi|f 0(ti), ‡2
0)

2N (yi|f 0(ti), ‡2
0)

R

b

= ≠ 1
n

nÿ

i=1
KL

Q

aN (yi|f 0(ti), ‡2
0)||

N (yi|f‚· ,‚V,‚a(ti), ‚‡2
n,k) + N (yi|f 0(ti), ‡2

0)
2

R

b Æ 0.

(3.39)

This implies that

P0

Q

aPn log
Q

a
N (yi|f‚· ,‚V,‚a(ti), ‚‡2

n,k) + N (yi|f 0(ti), ‡2
0)

2N (yi|f 0(ti), ‡2
0)

R

b Æ C
k log n

n

R

b Æ 1 ≠ 2c1n
≠c2 .

(3.40)
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Together with (3.36), we have that

P0

Q

aPn log
Q

a
N (yi|f‚· ,‚V,‚a(ti), ‚‡2

n,k)
N (yi|f 0(ti), ‡2

0)

R

b Æ C
k log n

n

R

b Æ 1 ≠ 2c1n
≠c2 . (3.41)

In other words, for k Ø k0, we have shown that Ln( ‚f (k)
n , ‚‡2

n,k) ≠ Ln(f 0, ‚‡2
0) Æ

C
k log(n)

n
for some constant C depends on d, V , A and � only with a high probability.

The part Ln( ‚f (k)
n , ‚‡2

n,k)≠Ln(f 0, ‚‡2
0) Ø 0 (for k Ø k0) is done by the MLE property.

3.4 Proof of consistency of sSIC

Proof of Theorem 3.1. The optimal number of changepoint is estimated as

‚kn = arg max
kÆk

C

Ln( ‚f (k)
n , ‚‡2

n,k) ≠ (k ≠ 1)(log(n))“

n

D

.

We aim to prove that

P(‚kn = k0) æ 1

by first showing that P(‚kn > k0) æ 0 and then P(‚kn < k0) æ 0 as n æ Œ.

sSIC is not over-fitted. From Theorem 3.4, we have with probability tending to

1, for all k Ø k0,

0 Æ Ln( ‚f (k)
n , ‚‡2

n,k) ≠ Ln(f 0, ‡2
0) Æ Ck

log(n)
n

,

for some positive constant C depending on k, d and parameters’ spaces. Therefore,

for all k > k0 (and k < k), the increase in average log-likelihood when over-fitting can
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be characterized as

Ln( ‚f (k)
n , ‚‡2

n,k) ≠ Ln( ‚f (k0)
n , ‚‡2

n,k0) Æ Ln( ‚f (k)
n , ‚‡2

n,k) ≠ Ln(f0, ‡2
0)

Æ Ck
(log(n))

n

< (k ≠ k0)
(log(n))“

n
,

for all n large enough, as “ > 1 and C does not depend on k and n. Hence,

Ln( ‚f (k0)
n , ‚‡2

n,k0)≠(k0≠1)(log(n))“

n
> Ln( ‚f (k)

n , ‚‡2
n,k)≠(k≠1)(log(n))“

n
’k œ [k0+1, k],

for all su�ciently large n, implies that

P(‚kn > k0) æ 0,

as n æ Œ.
sSIC is not under-fitted. Notice that

‚kn = arg max
kÆk

5
Ln( ‚f (k)

n , ‚‡2
n,k) ≠ (k ≠ 1)(log(n))“

n

6
= arg max

kÆk

5
≠ log

!
‡̂2

n,k

"
≠ (k ≠ 1)(log(n))“

n

6
.

In this part, it is more convenient to use an equivalent formula from (3.5) as

‚kn = arg min
kÆk

S

WUlog

Q

ca

qn
i=1

...yi ≠ ‚f (k)
n (ti)

...
2

dn

R

db + (k ≠ 1)(log(n))“

n

T

XV .

From Theorem 3.4, we have the convergence of RSS at k = k0 as

qn
i=1

...yi ≠ ‚f (k0)
n (ti)

...
2

dn
æ ‡2

0
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in probability. However, for all k < k0, [93] (Lemma 5.4) showed that there exists a

positive constant C depends on C1 and C2 such that

qn
i=1

...yi ≠ ‚f (k)
n (ti)

...
2

dn
> ‡2

0 + C, (3.42)

with probability tending to 1. The reason behind this inequality is that the under-fitted

signal function ‚f (k)
n (when k < k0) always misses at least one true changepoint, i.e.,

there exists · 0
r (for r œ [1, k0 ≠ 1]) so that ‚f (k)

n put no changepoint in [· 0
r ≠ C1/4, · 0

r +

C1/4]. As a consequence, the RSS in this segment is asymptotically greater than ‡2
0

([93], Lemma 5.3). From this result, we have a positive constant C Õ depending on C

and ‡2
0 so that for all k < k0,

log

Q

ca

qn
i=1

...yi ≠ ‚f (k)
n (ti)

...
2

dn

R

db > log

Q

ca

qn
i=1

...yi ≠ ‚f (k0)
n (ti)

...
2

dn

R

db + C Õ,

with probability tending to 1. As C Õ > (k0 ≠ k)(log(n))“

n
for all su�ciently large n,

we have

log

Q

ca

qn
i=1

...yi ≠ ‚f (k)
n (ti)

...
2

dn

R

db+(k≠1)(log(n))“

n
> log

Q

ca

qn
i=1

...yi ≠ ‚f (k0)
n (ti)

...
2

dn

R

db+(k0≠1)(log(n))“

n
,

as n æ Œ, under those events. Hence,

P(‚kn < k0) æ 0.

Combining with the previous part, we conclude that

P(‚kn = k0) æ 1,
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as n æ Œ.
Convergence of changepoints. We have

P
A

‚kn = k0, max
i=1,...,k0≠1

|‚·i ≠ · 0
i | Æ C

3 log n

n

41/2B

= P
A

max
i=1,...,k0≠1

|‚·i ≠ · 0
i | Æ C

3 log n

n

41/2 ----‚kn = k0

B

P(‚kn = k0).

Because we have shown that P(‚kn = k0) æ 1, it su�ces to prove

P
Q

a max
i=1,...,k0≠1

|‚·i ≠ · 0
i | Æ C

A
log n

n

B1/2 -----
‚kn = k0

R

b æ 1. (3.43)

Recall from Theorem 3.4 that

P
A

Î ‚f (k0)
n ≠ f 0Î2

n Æ C
(log n)

n

B

æ 1.

Therefore, if we can show that the event {Î ‚f (k0)
n ≠f 0Î2

n Æ C
(log n)

n
} implies |‚·i ≠· 0

i | Æ

C

A
log n

n

B1/2

’i = 1, . . . , k0, then (3.43) will be proved.

We separate the proof into two steps.

Step 1. Prove consistency with rate (log n/n)1/3. We will do this by proving by

contradiction. Indeed, assume that there exists i œ [k0] such that ‚·j ”œ [· 0
i ≠ ‘n, · 0

i + ‘n],

with ‘n ∫ (log n/n)1/3 for all j œ [k0]. Without loss of generality, we can further

assume that · 0
i≠1 < · 0

i ≠ ‘n < · 0
i + ‘n < · 0

i+1. Then,

Ân(·0
i +‘n)Êÿ

j=Ân(·0
i ≠‘n)Ê

... ‚f (k0)
n (j/n) ≠ f 0(j/n)

...
2

Æ n
... ‚f (k0)

n ≠ f 0
...

2

n
Æ C log(n).

In the interval [Ân(· 0
i ≠ ‘n)Ê, Ân(· 0

i + ‘n)Ê], the function ‚f (k0)
n is a linear function,

meanwhile f 0 is a piecewise linear function with 2 pieces having slope V 0
i≠1 and V 0

i ,
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respectively. When n is large enough, the LHS can be approximated as

1
n

Ân(·0
i +‘n)Êÿ

j=Ân(·0
i ≠‘n)Ê

... ‚f (k0)
n (j/n) ≠ f 0(j/n)

...
2

(3.44)

=
⁄ ·0

i +‘n

·0
i ≠‘n

... ‚f (k0)(t) ≠ f 0(t)
...

2
dt + o(1/n) (3.45)

Let f̃ be the best linear approximate of f 0 in the interval [· 0
i ≠ ‘n, · 0

i + ‘n]. We

then have that
s ·0

i +‘n

·0
i ≠‘n

... ‚f (k0)(t) ≠ f 0(t)
...

2
dt Ø

s ·0
i +‘n

·0
i ≠‘n

...f̃(t) ≠ f 0(t)
...

2
dt.

f̃ minimizes the following loss function

Loss =
⁄ ·0

i +‘n

·0
i ≠‘n

...g(t) ≠ f 0(t)
...

2
dt,

where g(t) is a linear function in the interval [· 0
i ≠ ‘n, · 0

i + ‘n].

Let �g = g ≠ f 0. We can rewrite the loss function as

Loss =
⁄ ·0

i

·0
i ≠‘n

...g(t) ≠ f 0(t)
...

2
dt +

⁄ ·0
i +‘n

·0
i

...g(t) ≠ f 0(t)
...

2
dt

= ‘n

3...�g(· 0
i )

...
2

+ È�g(· 0
i ), �g(· 0

i ≠ ‘n)Í +
...�g(· 0

i ≠ ‘n)
...

24

+ ‘n

3...�g(· 0
i )

...
2

+ È�g(· 0
i ), �g(· 0

i + ‘n)Í +
...�g(· 0

i + ‘n)
...

24
. (3.46)

Notice that �g(· 0
i ) = ‘ng(· 0

i ≠ ‘n) + ‘nf(· 0
i + ‘n)

2‘n
≠ f 0(· 0

i ), so we can consider g(· 0
i ≠

‘n) and g(· 0
i + ‘n) as two "free" parameters in Equation 3.46. Set the derivatives of

Loss with respect to those free parameters to 0, we have

0 set= ˆLoss
ˆg(· 0

i ≠ ‘n) = ‘n

3
2�g(· 0

i ) + 5
2�g(· 0

i ≠ ‘n)
4

, (3.47)
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and

0 set= ˆLoss
ˆg(· 0

i + ‘n) = ‘n

3
2�g(· 0

i ) + 5
2�g(· 0

i + ‘n)
4

, (3.48)

From Equations (3.47) and (3.48), we have that �g(· 0
i ≠ ‘n) = �g(· 0

i + ‘n). Since f̃

minimize the loss function, it satisfies �f̃(· 0
i ≠ ‘n) = �f̃(· 0

i + ‘n) where �f̃ = f̃ ≠ f 0.

On the other hand, for every linear function f̃ with the slope vector Ṽ œ Rd in the

considered interval, we always have:

�f̃(· 0
i ) ≠ �f̃(· 0

i ≠ ‘n) = f̃(· 0
i ) ≠ f 0(· 0

i ) ≠ f̃(· 0
i ≠ ‘n) + f 0(· 0

i ≠ ‘n)

= ‘nṼ ≠ ‘nV 0
i≠1 = ‘n(Ṽ ≠ V 0

i≠1) (3.49)

�f̃(· 0
i + ‘n) ≠ �f̃(· 0

i ) = f̃(· 0
i + ‘n) ≠ f 0(· 0

i + ‘n) ≠ f̃(· 0
i ) + f 0(· 0

i )

= ‘nṼ ≠ ‘nV 0
i = ‘n(Ṽ ≠ V 0

i ) = ‘n(Ṽ ≠ V 0
i≠1) + ‘n(V 0

i≠1 ≠ V 0
i ).

(3.50)

These implies that 2�f̃(· 0
i + ‘n) ≠ 2�f̃(· 0

i ) = ‘n(V 0
i≠1 ≠ V 0

i ). Combining with

Equation 3.48, we got �f̃(· 0
i + ‘n) = �f̃(· 0

i ≠ ‘n) = 2
9‘n(V 0

i≠1 ≠ V 0
i ). Then

⁄ ·0
i +‘n

·0
i ≠‘n

... ‚f (k0)(t) ≠ f 0(t)
...

2
dt Ø

⁄ ·0
i +‘n

·0
i ≠‘n

...f̃(t) ≠ f 0(t)
...

2
dt

Ø ‘n

....�f̃(· 0
i ) + 1

2�f̃(· 0
i + ‘n)

....
2

+ 3
4‘n

...�f̃(· 0
i + ‘n)

...
2

Ø 1
6‘3

n

...V 0
i≠1 ≠ V 0

i

...
2

>
1
6‘3

nC2
2. (3.51)

This implies C
log n

n
Ø 1

6‘3
nC2

2 which contradicts the assumption that ‘n ∫

(log n/n)1/3.
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We finish showing

P
Q

a max
i=1,...,k0≠1

|‚·i ≠ · 0
i | Æ C

A
log n

n

B1/3 -----
‚kn = k0

R

b æ 1.

Step 2. Improve the rate to (log n/n)1/2. In the previous step, we proved that

for every true changepoint · 0
i , there is a ·̂n

i (for i œ {1, . . . , k0}) will converge to it

with the rate (log n/n)1/3. In this step, we will show that we can achieve a better rate

for this convergence.

For any i œ {1, . . . , k0}, there exists t1, t2 œ (0, 1) where t1 >
· 0

i≠1 + · 0
i

2 and

t2 <
· 0

i + · 0
i+1

2 . With this defined interval [t1, t2] and given the rate we have proven

in Step 1, we can ensure that f 0 and f̂ each have two segments within this interval.

WLOG, we assume that ·̂n
i Æ · 0

i . Based on the rate proved in Step 1, it is clear to see

that ·̂i
n œ [t1, t2].

We have that

Ânt2Êÿ

j=Ânt1Ê

... ‚f (k0)
n (j/n) ≠ f 0(j/n)

...
2

Æ n
... ‚f (k0)

n ≠ f 0
...

2

n
Æ C log(n).

When n is large enough, the LHS can be approximated as

1
n

Ânt2Êÿ

j=Ânt1Ê

... ‚f (k0)
n (j/n) ≠ f 0(j/n)

...
2

=
⁄ t2

t1

...f̂k0(t) ≠ f 0(t)
...

2
dt + o(1/n). (3.52)

Let f̃ have a changepoint at ·n
i , being the best two-piecewise linear approxima-

tion of f 0 in the interval [t1, t2]. We then have that
s t2

t1

...f̂ (k0)(t) ≠ f 0(t)
...

2
dt Ø

s t2
t1

...f̃(t) ≠ f 0(t)
...

2
dt. Using the same strategy as in Step 1, f̃ minimizes the fol-

lowing loss function

Loss =
⁄ t2

t1

...g(t) ≠ f 0(t)
...

2
dt,

where g(t) is a 2-piecewise linear in the interval [t1, t2].
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Let �g = g ≠ f 0. We can write the loss function as

Loss =
⁄ ‚·n

i

t1

...g(t) ≠ f 0(t)
...

2
dt +

⁄ ·0
i

‚·n
i

...g(t) ≠ f 0(t)
...

2
dt +

⁄ t2

·0
i

...g(t) ≠ f 0(t)
...

2
dt

= (‚·n
i ≠ t1)

Ë
Î�g(t1)Î2 + È�g(t1), �g(‚·n

i )Í + Î�g(‚·n
i )Î2È

+ (· 0
i ≠ ‚·n

i )
5
Î�g(‚·n

i )Î2 + È�g(‚·n
i ), �g(· 0

i )Í +
...�g(· 0

i )
...

26

+ (t2 ≠ · 0
i )

5...�g(· 0
i )

...
2

+ È�g(· 0
i ), �g(t2)Í + Î�g(t2)Î2

6
.

Takes g(t1), g(‚·n
i ), g(t2) as "free" parameters. Note that �g(· 0

i ) depends on those

parameters in the sense that �g(· 0
i ) = (· 0

i ≠ ‚·n
i )g(‚·n

i ) + (t2 ≠ · 0
i )g(t2)

t2 ≠ ‚·n
i

≠ f 0(· 0
i ), and

that
ˆ(�g(· 0

i ))
ˆg(‚·n

i ) = · 0
i ≠ ‚·n

i

t2 ≠ ‚·n
i

,
ˆ(�g(· 0

i ))
ˆg(t2)

= t2 ≠ · 0
i

t2 ≠ ‚·n
i

,

ˆ Î�g(· 0
i )Î2

ˆg(‚·n
i ) = 2· 0

i ≠ ‚·n
i

t2 ≠ ‚·n
i

(�g(· 0
i )), ˆ Î�g(· 0

i )Î2

ˆg(t2)
= 2 t2 ≠ · 0

i

t2 ≠ ‚·n
i

(�g(· 0
i )).

Set the derivatives of Loss with respect to those free parameters to 0, we have

0 set= ˆLoss
ˆ ‚f(t1)

= (‚·n
i ≠ t1)[2(�g(t1)) + �g(‚·n

i )], (3.53)

and

0 set= ˆLoss
ˆ ‚f(‚·n

i )
= (‚·n

i ≠ t1)[�g(t1) + 2(�g(‚·n
i ))]

+ (· 0
i ≠ ‚·n

i )
CA

2· 0
i ≠ ‚·n

i

t2 ≠ ‚·n
i

+ 1
B

(�g(· 0
i )) +

A
· 0

i ≠ ‚·n
i

t2 ≠ ‚·n
i

+ 2
B

(�g(‚·n
i ))

D

+ (t2 ≠ · 0
i )

C

2· 0
i ≠ ‚·n

i

t2 ≠ ‚·n
i

(�g(· 0
i )) + · 0

i ≠ ‚·n
i

t2 ≠ ‚·n
i

(�g(t2))
D

=
C

3
2(‚·n

i ≠ t1) +
A

· 0
i ≠ ‚·n

i

t2 ≠ ‚·n
i

+ 2
B

(· 0
i ≠ ‚·n

i )
D

(�g(‚·n
i )) + 3(· 0

i ≠ ‚·n
i )(�g(· 0

i ))

+ (t2 ≠ · 0
i )(· 0

i ≠ ‚·n
i )

t2 ≠ ‚·n
i

(�g(t2)), (3.54)
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and

0 set= ˆLoss
ˆ ‚f(t2)

= (· 0
i ≠ ‚·n

i )
C

t2 ≠ · 0
i

t2 ≠ ‚·n
i

(�g(‚·n
i )) + 2 t2 ≠ · 0

i

t2 ≠ ‚·n
i

(�g(· 0
i ))

D

+ (t2 ≠ · 0
i )

CA

2 t2 ≠ · 0
i

t2 ≠ ‚·n
i

+ 1
B

(�g(· 0
i )) +

A
t2 ≠ · 0

i

t2 ≠ ‚·n
i

+ 2
B

(�g(t2))
D

= (· 0
i ≠ ‚·n

i )(t2 ≠ · 0
i )

t2 ≠ ‚·n
i

(�g(‚·n
i )) + 3(t2 ≠ · 0

i )(�g(· 0
i ))

+ (t2 ≠ · 0
i )

A
· 0

i ≠ ‚·n
i

t2 ≠ ‚·n
i

+ 2
B

(�g(t2)). (3.55)

From Equation (3.54), we have

C
3
2

(‚·n
i ≠ t1)

· 0
i ≠ ‚·n

i

+ · 0
i ≠ ‚·n

i

t2 ≠ ‚·n
i

+ 2
D

(�g(‚·n
i )) + 3(�g(· 0

i )) + t2 ≠ · 0
i

t2 ≠ ‚·n
i

(�g(t2)) = 0. (3.56)

Equation (3.55) implies

t2 ≠ · 0
i

t2 ≠ ‚·n
i

(�g(‚·n
i )) + 3(�g(· 0

i )) +
A

· 0
i ≠ ‚·n

i

t2 ≠ ‚·n
i

+ 2
B

(�g(t2)) = 0. (3.57)

Add them up, we have

C
3
2

(‚·n
i ≠ t1)

· 0
i ≠ ‚·n

i

+ 3
D

(�g(‚·n
i )) + 6(�g(· 0

i )) + 3(�g(t2)) = 0. (3.58)

Notice that

�g(‚·n
i ) = �g(t1) + (t1 ≠ ‚·n

i )(Vi≠1 ≠ V 0
i≠1),

�g(· 0
i ) = �g(‚·n

i ) + (· 0
i ≠ ‚·n

i )(Vi ≠ V 0
i ) + (· 0

i ≠ ‚·n
i )(V 0

i ≠ V 0
i≠1),

�g(t2) = �g(· 0
i ) + (t2 ≠ · 0

i )(Vi ≠ V 0
i ).
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From these three equations, we have

�g(‚·n
i ) = �g(t1) + (t1 ≠ ·̂n

i )(Vi≠1 ≠ V 0
i≠1),

�g(· 0
i ) = �g(t1) + (t1 ≠ ·̂n

i )(Vi≠1 ≠ V 0
i≠1) + (· 0

i ≠ ‚·n
i )(Vi ≠ V 0

i ) + (· 0
i ≠ ‚·n

i )(V 0
i ≠ V 0

i≠1),
�g(t2) = �g(t1) + (t1 ≠ ·̂n

i )(Vi≠1 ≠ V 0
i≠1) + (t2 ≠ ·̂n

i )(Vi ≠ V 0
i ) + (· 0

i ≠ ·̂n
i )(V 0

i ≠ V 0
i≠1).

f̃ satisfies all of the above equations. Based on these expressions, we rewrite the
equations (3.53), (3.57) and (3.58) to be a system of three equations with three
variables �f̃(t1), (t1 ≠ ·̂n

i )(Ṽi≠1 ≠ V 0
i≠1), and Ṽi ≠ V 0

i as following

3�f̃(t1) + (t1 ≠ ·̂n
i )(Ṽi≠1 ≠ V 0

i≠1) = 0,

4t2 ≠ ·0
i ≠ ·̂n

i

t2 ≠ ·̂n
i

�f̃(t1) +
4t2 ≠ ·0

i ≠ ·̂n
i

t2 ≠ ·̂n
i

(t1 ≠ ·̂n
i )(Ṽi≠1 ≠ V 0

i≠1) + 3(·0
i ≠ ·̂n

i )(Ṽi ≠ V 0
i ) = 3(·0

i ≠ ·̂n
i )(V 0

i≠1 ≠ V 0
i ),

12·0
i ≠ 3t1 ≠ 9·̂n

i

2(·0
i ≠ ·̂n

i )
�f̃(t1) +

12·0
i ≠ 3t1 ≠ 9·̂n

i

2(·0
i ≠ ·̂n

i )
(t1 ≠ ·̂n

i )(Ṽi≠1 ≠ V 0
i≠1) + (6·0

i ≠ 9·̂0
i + 3t2)(Ṽi ≠ V 0

i ) = 7(·0
i ≠ ·̂n

i )(V 0
i≠1 ≠ V 0

i ).

Using the Gaussian Elimination method, we finally get

Ṽi ≠ V 0
i = 14(4t2 ≠ · 0

i ≠ ·̂n
i )

2(6· 0
i ≠ 9·̂n

i + 3t2)(4t2 ≠ · 0
i ≠ ·̂n

i ) ≠ 9(4· 0
i ≠ t1 ≠ 3·̂n

i )(t2 ≠ ·̂n
i )(· 0

i ≠ ·̂n
i )(V 0

i≠1 ≠ V 0
i )

® (· 0
i ≠ ·̂n

i )(V 0
i≠1 ≠ V 0

i ). (3.59)

We have that

C
log n

n
Ø

⁄ t2

t1

...�f̃(t)
...

2
dt Ø (t2 ≠ · 0

i )
Ë
||�f̃(· 0

i )||2 + È�f̃(· 0
i ), �f̃(t2)Í + ||�f̃(t2)||2

È
=

(t2 ≠ · 0
i )

C....�f̃(· 0
i ) + 1

2�f̃(t2)
....

2
+ 3

4 ||�f̃(t2)||2
D

% (· 0
i ≠ ·̂n

i )2||V 0
i≠1 ≠ V 0

i ||2 > (· 0
i ≠ ·̂n

i )2C2
2, for i œ [k0 ≠ 1].

(3.60)

This implies that

P
A

max
i=1,...,k0≠1

|‚·i ≠ · 0
i | Æ C

3 log n

n

41/2 ----‚kn = k0

B

æ 1.
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Chapter 4

Testing for Stationary States in

Intracellular Transport

While studying lysosomal transport and considering that the underlying motor

dynamics, cytoskeleton, and cytosolic crowding are unknown, it is beneficial to examine

the two "states": motile and stationary [29, 111]. The true stationary state in our

study here is understood in the Mathematical sense that the particle’s distribution

within this state remains invariant over time. Meanwhile, in the work of Rayens et al.

[111], the authors use the stationary term to suggest that the particles are not moving

excessively, defined by a threshold of under 100nm/s of the considered segment speed.

In this chapter, we establish a test for stationary states of a particle trajectory under

the assumption that the data is generated according to the piecewise linear continuous

model. Motivated by the 2D datasets we are using, the tests will be provided with

details for d = 2. However, the idea can be easily extended to higher dimensions.

We then explore the e�ectiveness of the test under various circumstances, particu-

larly when applying it to the model with inferred changepoints from CPLASS and in

cases where the true anchor locations are not linear but di�use due to a second source

of noise, which we refer to as the anchor di�using model.
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4.1 The matrix form of the model

We revisit Section 2.2.2, where the matrix presentation of the model is introduced

for each dimension (see Equation (2.8)). For d = 2 and {Yi}n
i=1 µ R2 denote n

observed data, given k ≠ 1 known time of changepoints ·j (for j = 1, . . . , k ≠ 1), we

then have

Y (1) = TW (1) + ‡Á(1), (4.1)

Y (2) = TW (2) + ‡Á(2), (4.2)

where T is a n ◊ (k + 1) matrix (2.9), Á(1), Á(2) ≥ N (0, In), Y (1) = (y11, . . . , yn1)€,

Y (2) = (y12, . . . , yn2)€ are n◊1 vectors of observations in each corresponding dimension,

W (1) =
1
a1, w11, ..., wk1

2€
, and W (2) =

1
a2, w12, ..., wk2

2€
are (k + 1) ◊ 1 vectors of

parameters of the model in each corresponding dimension. The velocity vector

associated to the jth segment is Vj =
1qj

i=1 wi1,
qj

i=1 wi2
2€

, for j = 1, ..., k.

For simplicity, we can write the two-dimensional model as the following combined-

matrix form

Y = T w + ‡‘, (4.3)

where Y = (y11, . . . , yn1, y12, . . . , yn2)€ is a 2n ◊ 1 vector of observations, T =S

U T 0
0 T

T

V is a 2n ◊ (2k + 2) matrix containing four block matrices, a (2k + 2) ◊ 1

vector of unknown regression parameters w = (a1, w11, . . . , wk1, a2, w12, . . . , wk2)€, and

‘ = (‘1, . . . , ‘2n)€ ≥ N (0, ‡2I2n) is a 2n ◊ 1 vector of random errors. As discussed in

Section 2.2.2, as long as those conditions hold, T is full rank with the rank of 2k + 2.
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The residual sum-of-squares (RSS) is written as

RSS(Y, t; w) := ÎY ≠ T wÎ2
2 = (Y ≠ T w)€(Y ≠ T w). (4.4)

The log-likelihood associated with the model defined in equations (4.3) is

L(f, ‡) =
nÿ

i=1
log N (yi|f· ,V,a(ti), ‡2Id) = ≠

Ë
log(2fi) + log(‡2)

È
≠ 1

2‡2 RSS(Y, t; w)

(4.5)

The resulting MLEs are

‚w =
1
T €T

2≠1
T €Y , (4.6)

‡̂2 = RSS(Y, t; ‚w)
2n

= 1
2n

Y €
5
I ≠ T

1
T €T

2≠1
T €

6
Y . (4.7)

The velocity vector corresponding to the kth segment is ‚Vj =
1qj

i=1 ‚wi1,
qj

i=1 ‚wi2
2€

,

for j = 1, ..., k. The speed of the associated segment is ŝj := Î ‚VjÎ2.

4.2 The test for stationary segments

We want to determine whether a segment is stationary, which means the hypothesis

test is H0 : sjú = 0 against H1 : sjú ”= 0, where jú represents the considered segment.

Assume that there are n observations {Yi}n
i=1 µ R2 of the considering k segments. Let

the corresponding segments velocities be {Vj}k
j=1 µ R2 and ·j (j = 1, ..., k ≠ 1) be the

time of the change points. Since sj = ÎVjÎ2 =
Ú1qj

i=1 wi1
22

+
1qj

i=1 wi2
22

, we have

that sj = 0 equivalent to
1qj

i=1 wi1
22

=
1qj

i=1 wi2
22

= 0. Hence, the test is then

H0 :
Q

a
júÿ

i=1
wi1

R

b
2

=
Q

a
júÿ

i=1
wi2

R

b
2

= 0 vs. H1 :
Q

a
júÿ

i=1
wi1

R

b
2

”= 0 ‚
Q

a
júÿ

i=1
wi2

R

b
2

”= 0.
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According to the defined model (4.3), this test can be rewritten to test for m linear

parametric functions of parameters which is in the form:

H0 : Lw = 0 vs. H1 : Lw ”= 0, (4.8)

where w = (a1, w11, . . . , wk1, a2, w12, . . . , wk2)€, L = (L1, L2)€ is a 2 ◊ (2k + 2) matrix,

and a (2k + 2) ◊ 1 vector of known constants Lj = (lj1, lj2, . . . , lj(2k+2)) (j = 1, 2).

Specifically, L = (lij) with l1i = l2i = 1 for i = 1, . . . , jú and lij = 0 elsewhere.

For example,

• For the first segment, H0 : w11 = w12 = 0. This is the same as H0 : Lw = 0,

where L =
S

U L1

L2

T

V =
S

U 0 1 0 . . . 0 0 0 0 . . . 0
0 0 0 . . . 0 0 1 0 . . . 0

T

V.

• For the second segment, H0 : w11 + w21 = w12 + w22 = 0. This is the same as

H0 : Lw = 0, where L =
S

U L1

L2

T

V =
S

U 0 1 1 . . . 0 0 0 0 . . . 0
0 0 0 . . . 0 0 1 1 . . . 0

T

V.

With this presentation, transfer the test for sjú = 0 to test the model parameters’

linear functions.

We recall some basic concepts to develop tools for solving this test.

4.2.1 Estimable function

Testable hypotheses are closely related to estimable functions [121]. Since we want

to test (4.8), it is important to be able to estimate Ljw (for j = 1, 2). We say a linear

function Lw of the parameters in w is an estimable function if there exists some linear

combination of the observations Y whose expected value is Lw. If T is full rank as

we consider here, then all linear parametric function in w are estimable, and it implies

Ljw for j = 1, 2 are estimable. Specifically, consider Lj = (lj1, lj2, . . . , lj(2k+2)) is a

non-null vector, then Lj ‚w is the best linear unbiased estimator of Ljw in the sense of
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having minium variance as well as maximum likelihood under the normal distribution

assumption of the residual (Gauss - Markov theorem).

In general cases where the design matrix is not of full rank, some linear parametric

functions do not admit the unbiased linear estimator, and nothing can be inferred

about them. The linear parametric functions that are not estimable are said to be

confounded. In this case, Lw need to be a linear combination of the rows of T to be

estimable.

4.2.2 Theorems on quadratic forms in normal variables.

We will use the following theorems to develop the hypothesis test. We refer to

[33, 34, 54, 62, 63, 110, 117] for more details on the analysis of linear models. Here,

we present helpful theorems along with the proofs necessary for our test development.

Theorem 4.1

If the n ◊ 1 vector y ≥ N (0, ‡2I) and M is an n ◊ n symmetric idempotent

matrix of rank m then

y€ M

‡2 y ≥ ‰2(m)

Proof of Theorem 4.1. Since M is symmetric, it can be diagonalized with an orthogo-
nal matrix U . Furthermore, since M is idempotent, it has eigenvalues that are either
0 or 1. Hence, we can choose U so that

U€MU =
S

U I 0
0 0

T

V . (4.9)

The dimension of the identity matrix will be equal to the rank of M , since the number

of non-zero roots in the rank of the matrix. Since the sum of the roots is equal to the

trace, the dimension is also equal to the trace of M . Now let z = 1
‡

U€y. Compute
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the moments of z = 1
‡

U€y

E(z) = 1
‡

U€E(y) = 0,

Var(v) = 1
‡2 U€‡2IU = U€U = I since U is orthogonal,

Together with the assumption that y is normally distributed, we conclude that

z ≥ N (0, I).
Now consider the distribution of y€ M

‡2 y using the transformation z. Since U is

orthogonal, its inverse is equal to its transpose. This means that y = ‡
1
U€

2≠1
z =

‡Uv. Now, write the quadratic form as follows

y€My

‡2 = z€U€MUz = z€

S

U I 0
0 0

T

V z =
mÿ

i=1
z2

i

This is the sum of squares of m standard normal variables and so is a ‰2 variable

with m degrees of freedom.

Theorem 4.2

If y ≥ N (0, ‡2I), M is a symmetric idempotent matrix of order n, and L is a

k ◊ n matrix, then Ly and y€My are independent distributed if LM = 0

Proof of Theorem 4.2. Define the matrix U as before so that

U€MU =
S

U I 0
0 0

T

V . (4.10)

Let rank(M) = m, z = U€y and partition z as follows z = (z1, z2, . . . , zm¸ ˚˙ ˝
z(1)

, zm+1, . . . , zn¸ ˚˙ ˝
z(2)

).

The number of elements of z(1) is m, and z2 contains n ≠ m elements. We have z(1)

and z(2) are independent since they are independent standard normals.
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In the next, we will show that y€My depends only on z(1) and Ly depends only on

z(2). Given that zi are independent, y€My and Ly will be independent. We have that

y€My = z€

S

U I 0
0 0

T

V z = (z(1))€z(1).

Considering LU(U€MU) = LMU = 0 since (LM = 0), and LU(U€MU) =

(C1, C2)
S

U I 0
0 0

T

V = 0, where LU is partition as (C1, C2), C1 has k rows and m columns.

C2 has k rows and n ≠ m columns. This implies that C1 = 0, then LU = (0, C2). Now

Ly = LUU€y = LUz = C2z(2) (since U is orthogonal and C1 = 0).

We proved that Ly depends only on z(2), and y€My depends only on z(1). Since

z(1) and z(2) are independent, so are Ly and y€My.

Theorem 4.3: Craig’s Theorem

If y ≥ N (µ, �) where � is positive definite, then q1 = y€Ay and q2 = y€By are

independently distributed if A�B = 0.

Proof of Theorem 4.3. We refer to [33, 34] for details.

Theorem 4.4

Let Y = (y11, . . . , yn1, y12, . . . , yn2)€ follows a multivariate normal distribution

N (µ, ‡2I2n), then the maximum likelihood estimator L ‚w of estimable linear para-

metric function is independently distributed of ‚‡2; L ‚w ≥ N
1
Lw, ‡2L(T €T )≠1L€

2

and 2n‚‡2

‡2 ≥ ‰2(2n ≠ 2k ≠ 2) where rank(T ) = 2k + 2.

Proof of Theorem 4.4. We have that

‚w =
1
T €T

2≠1
T €Y =

1
T €T

2≠1
T €(T w + ‘) = w +

1
T €T

2≠1
T €‘,
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then

E(L ‚w) = L
1
T €T

2≠1
T €E(Y ) = L

1
T €T

2≠1
T €T w = Lw,

Var(L ‚w) = LVar( ‚w)L€ = LVar
51

T €T
2≠1

T €‘
6

L€

= L
1
T €T

2≠1
T €Var(‘)T

1
T €T

2≠1
L€

= ‡2L
1
T €T

2≠1
T €I2nT

1
T €T

2≠1
L€

= ‡2L
1
T €T

2≠1
L€.

Since ‚w is a linear function of Y and L ‚w is a linear function of ‚w, so L ‚w ≥

N
1
Lw, ‡2L(T €T )≠1L€

2
.

Let A = I ≠ T
1
T €T

2≠1
T € and B = L

1
T €T

2≠1
T €, then

L ‚w = L
1
T €T

2≠1
T €Y = BY ,

2n‚‡2

‡2 = Y €
5
I ≠ T

1
T €T

2≠1
T €

6
Y = Y € A

‡2 Y .

Notice that A is a symmetric, idempotent matrix of rank 2n ≠ 2k ≠ 2. Using

Theorem 4.1, we have 2n‚‡2

‡2 ≥ ‰2(2n ≠ 2k ≠ 2).

Also, BA = L
1
T €T

2≠1
T €

5
I ≠ T

1
T €T

2≠1
T €

6
= 0. So using Theorem 4.2,

we conclude that Y €AY and BY are independently distributed.

4.2.3 Returning to the hypothesis test

We aim to develop a hypothesis test (4.8) concerning the two linear functions L1w

and L2w, and we find that they are estimable based on the previous argument. We

have the maximum likelihood estimator Lj ‚w (j = 1, 2) where ‚w =
1
T €T

2≠1
T €Y

L ‚w = (L1 ‚w, L2 ‚w)€ is a 2 ◊ 1 vector. Theorem 4.4 implies that L ‚w is a 2-dimensional
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Gaussian random vector with mean vector E(L ‚w) = Lw and rank 2 covariance

matrix Cov(L ‚w) = ‡2V where V = (vij)i,j=1,2 with vij = Li(T €T )≠1L€
j is the (i, j)th

element of V. From here, under the null, we have (L ‚w ≠ 0)€V≠1(L ‚w ≠ 0)
‡2 follows a

‰2 - distribution with 2 degree of freedom. Also, by Theorem 4.4,
2n‚‡2

‡2 follows a ‰2

- distribution with (2n ≠ (2k + 2)) degrees of freedom where ‚‡2 = RSS/(2n) is the

maximum likelihood estimator of ‡2. And by Theorem 4.3, (L ‚w ≠ 0)€V≠1(L ‚w ≠ 0)
‡2

and 2n‚‡2

‡2 are independently distributed.

Under the null hypothesis H0 : Lw = 0, we have the statistic

F = 2n ≠ 2k ≠ 2
2

(L ‚w ≠ 0)€V≠1(L ‚w ≠ 0)
2n‡̂2

follows F-distribution with 2 and (2n ≠ 2k ≠ 2) degrees of freedom.

So the null hypothesis is rejected whenever F Ø F1≠–(2, 2n≠2k≠2) where F1≠–(2, 2n≠

2k ≠ 2) denotes the 100–% points on F-distribution with 2 and (2n ≠ 2k ≠ 2) degrees

of freedom. The test also returns the p-value, which is P (F2,2n≠2k≠2 Ø F ).

4.3 E�ectiveness of the test

In this section, we apply our test for stationary segments to both simulation and real

data. Note that the test is constructed under the assumption that the true changepoint

locations are known and that the data follow the continuous piecewise linear regression

model. However, in reality, we do not know the location of the changepoint, and

the data typically do not perfectly adhere to the continuous piecewise linear model.

We aim to investigate how the test performs with the inferred changepoints from

CPLASS, especially when the actual anchor locations are not straight lines. Given

the consistency theorem of CPLASS discussed in Chapter 3, we have mathematical
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support that when the sample size is large enough, the inferred number of changepoints

and their locations will be close to the truth. Thus, the test can still operate e�ectively

with the output from CPLASS without compromising its power. However, with the

di�usion of the anchor locations discussed in Section 2.4, CPLASS faces challenges

with false changepoints. Will the Motile/Stationary test also be impacted? The

subsequent sections will analyze the simulation data to validate these considerations.

4.3.1 On simulation data

We utilize simulation to investigate the following two cases: (1) at what value of

the segment speed will the test indicate motility, and (2) at what level of anchor noise

in the anchor di�using scenario will false positives increase.

We use the idea in [29] of Inference Gap - the percentage of mislabeled time steps.

For simulated data, we can assess what proportion of the time the inference protocol

yields mislabeled states. Let {Ji}n
i=1 and { ‚Ji}n

i=1 be the true labeled and inferred

labeled of Stationary/Motile in each observation time ti (0 for Stationary/ 1 for Motile),

respectively. The Inference Gap of a single path is defined as

Inference gap (Pathwise) := 100
n

nÿ

i=1
1{ ‚Ji = Ji}. (4.11)

In the following simulations, we used the same generating rules: (a) For each varied

value of segment speed/ second source of noise ›, 200 trajectories were simulated

at 20Hz (� = 0.05) with 14 seconds (n = 280), ‡ = 0.2, (b) there were two actual

changepoint times at 2s and 12s, the corresponding segment times are (2, 10, 2)

seconds, (c) the actual segment velocities for the first and the third segments were

V1 = (0.5, ≠0.5)€ and V3 = (0.5, 0.5)€. For scenario (1), we varied the middle velocities

V2, while in the second scenario, we kept V2 = (0, 0)€ and varied the value of ›.
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Simulation under the continuous piecewise linear model - Vary the middle

segment speed

In this experiment, we adjusted the speed of the middle segment from 0 to 0.1µm/s.

Based on the simulation rules previously outlined, the first and third segments were

motile. When s2 = 0µm/s, the middle segment is classified as stationary; in all other

cases, it is considered motile. After running CPLASS to detect changepoints, we used

the test to label Stationary/Motile segments. The left panel of Figure 4.1 displays the

estimated time spent motile resulting from the test on the segmentation by CPLASS.

The red dashed line shows the true proportion of time spent motile. For s2 = 0, the

test labels are correct, nearly 100% for all motile and stationary segments. For speeds

s2 greater than 0.025 seconds, the true proportion lies within the 95% bootstrap

confidence interval, even aligning with the true proportion. In the center panel of

Figure 4.1, the false positive rate decreases while the false negative rate remains at 0 as

the speed s2 increases from 0.01µm/s to 0.1µm/s. This shows the test can detect the

actual stationary (s2 = 0) and motile segments with the corresponding speed of over

0.025µm/s accurately. The left panel displays that the average pathwise Inference

Gap (red dots) decreases as the speed increases from 0.01µm/s to 0.1µm/s, which

once again confirms the e�ectiveness of the test.

We will now return to the concern regarding how the test performs when running

on the inferred segments from CPLASS compared to the actual segments. The same

summarized procedure is presented in Figure 4.2, where we conduct the test on the

actual segments. We can see how it aligns with the test output running on the inferred

segments from CPLASS. This confirms the thought discussed at the beginning of the

section.
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Figure 4.1: Simulated data sets - Vary the middle segment speed. Applying the test to

the inferred segments from CPLASS. (Left) Estimates for the proportion of time spent
Motile across di�erent values of the middle segment speed values from 0 to 0.1µm/s
using the Stationary/Motile test. The red dashed line is for the true proportion of
time spent Motile. (Center) Ensemble averages for the percentage of mislabeled time
steps, broken down into False Positives and False Negatives. Error bars computed
from bootstrap resampling of paths. (Right) The path-by-path distribution of the
percentage of time spent misidentified in the Stationary/Motile dichotomy with the
test.
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Figure 4.2: Simulated data sets - Vary the middle segment speed. Applying the test

to the actual segments . (Left) Estimates for the proportion of time spent Motile

across di�erent values of the middle segment speed values from 0 to 0.1µm/s using
the Stationary/Motile test. The red dashed line is for the true proportion of time
spent Motile. (Center) Ensemble averages for the percentage of mislabeled time
steps, broken down into False Positives and False Negatives. Error bars computed
from bootstrap resampling of paths. (Right) The path-by-path distribution of the
percentage of time spent misidentified in the Stationary/Motile dichotomy with the
test.
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False positives from Anchor di�using - Vary the › value

Since the anchor location will not ideally be straight in the real data, as discussed

in Section 2.4, when the second source of noise is present in the anchor locations (see

Equation (2.20)), the actual stationary segment (s = 0) exhibits Brownian motion.

This leads CPLASS to detect more changepoints due to increased fluctuations around

the anchor locations. We aim to examine the level of this second source of noise ›, at

which the test labels the segment as motile, even though the true speed is 0µm/s.

In this experiment, we varied the value of › from 0.01 to 0.1 while keeping the

middle segment stationary (i.e., s2 = 0µm/s). For each value of ›, we simulated 200

trajectories with the same rule discussed at the beginning of the section. We then

ran CPLASS to detect changepoints and apply the test to label Stationary/Motile

segments. The same summary of the segmentation/classification protocol discussed in

the vary speed experiment is applied here and reported in Figure 4.3. All three panels

in Figure 4.3 show that the noisier this second source is, the bigger the Inference Gap.

When s2 = 0, the particle’s movement during this period follows Brownian motion.

When › increases from 0.01 to 0.1, the path will look more like moving than stationary,

increasing the false positive rates shown in the center panel of the figure. When it

comes to detecting actual motile segments, the test still does a good job of keeping

the false negative rates to 0.

We returned to assess the test’s performance on the actual segments. We are

aware of a slightly overfitted number of changepoints issue with CPLASS when ›

increases from 0.05 to 0.1, as reported in Figure 2.12 in Section 2.4. However, this does

not significantly impact the labeling results, as shown in Figure 4.3 and Figure 4.4.

This confirms that running the Motile/Stationary test on CPLASS output will not

compromise its e�ectiveness. The main challenge arises from the Brownian motion

aspect, where increasing › can move the anchor away from the horizontal straight line
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and lead the test to conclude that the segment is motile mistakenly.
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Figure 4.3: Simulated data sets - Vary the values of ›. Applying the test to the inferred

segments from CPLASS. (Left) Estimates for the proportion of time spent Motile

across di�erent values of › from 0.01 to 0.1 using the Stationary/Motile test. The red
dashed line is for the true proportion of time spent Motile. (Center) Ensemble averages
for the percentage of mislabeled time steps, broken down into False Positives and
False Negatives. Error bars computed from bootstrap resampling of paths. (Right)
The path-by-path distribution of the percentage of time spent misidentified in the
Stationary/Motile dichotomy with the test.
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Figure 4.4: Simulated data sets - Vary the values of ›. Applying the test to the

actual segments. (Left) Estimates for the proportion of time spent Motile across
di�erent values of › from 0.01 to 0.1 using the Stationary/Motile test. The red dashed
line is for the true proportion of time spent Motile. (Center) Ensemble averages
for the percentage of mislabeled time steps, broken down into False Positives and
False Negatives. Error bars computed from bootstrap resampling of paths. (Right)
The path-by-path distribution of the percentage of time spent misidentified in the
Stationary/Motile dichotomy with the test.
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4.3.2 In vitro experimental data - quantum dot transport

In this section, we ran the test on 101 CPLASS segmented trajectories of quantum

dots transported by a Kinesin-1/DDB (Kin1DDB) pair ([71]). As discussed in Sec-

tion 2.3.4, the Kin1DDB data associated with the tug-of-war scenario, where both

motors are present, keeps the dots moving more slowly. There are long-slow segments

in this dataset. We want to investigate how the test works on returning labels for these

long-slow segments, i.e., segment duration lasts more than 10s and segment speed is

close to 0µm/s. The test output demonstrates the active behavior of the quantum

dots transported by the Kinesin-1/DDB pair, with 93.3% of the collected segments

labeled as motile. Figure 4.5 indicates that the test labels some long-slow segments

as motile (see segment durations ranging from longer than 5 seconds to 25 seconds,

with corresponding speeds lower than 0.1µm/s). These segments will be labeled as

stationary using the 0.1µm/s cuto� employed in Rayens et al.’s paper ([111]). We

zoom in on this area where all the segment speeds are under 0.1µm/s in Panel (B) of

the figure; we also report the error bars associated with estimated segment speeds,

which are calculated based on the Standard Errors of estimating w and under the

assumption of normally distributed on the error. Panel (B) explains why the test

labels the long, slow segments in this data as motile. A shorter error bar indicates a

more precise measurement of the coe�cient. When the error bar does not intersect

the s = 0 line, the test will definitively reject the stationary hypothesis.

We extracted the trajectories with long, slow segments for closer examination.

Figure 4.6 illustrates one of these paths. The noise associated with this path is

relatively low, leading to a more accurate velocity estimation. This explains why the

test shows strong agreement (with very small p-values) that the quantum dots in these

segments are motile. While the cut-o� threshold of 100nm/s consistently indicates

that these segments are Stationary, without accounting for the noise information or
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Figure 4.5: Quantum dot transported by Kinesin-1/DDB pairs. The Motile/Stationary

test is applied to the segmented quantum dot trajectories (motor Kin1/DDB). (Panel
A) After conducting the test at the significance level – = 0.01, we collected all segment
durations and speeds. The green dots represent Motile segments, while the red dots
indicate Stationary segments. (Panel B) A zoomed-in area where all segment speeds
are below 100nm/s; the orange lines show the error bars for estimating segment
speeds, calculated based on the Standard Errors of estimating w in the regression
model.

the precision in estimating the model’s parameters, the Motile/Stationary test does

incorporate this information for labeling segments. However, there remains a question

of whether these motile segments identified by the test are truly motile in the sense of

drifting or if they are a false positive resulting from the di�usion of the anchor. This

requires further consideration regarding future work incorporating the test for the null

hypothesis that the anchor exhibits Brownian motion.

4.4 Discussion

This chapter discusses the Stationary/Motile hypothesis test designed for 2D data,

based on the assumption that the changepoint locations are predetermined and the
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Figure 4.6: Quantum dot transported by Kinesin-1/DDB pairs path 7. An exam-
ple of a path in the data whose long-slow segments are the third, fifth, sev-
enth, and ninth segments with estimated segment durations and speeds are
(14.1s, 0.0111µm/s), (6.71s, 0.0139µm/s), (4.95s, 0.0103µm/s) and (7.7s, 0.0149µm/s),
respectively. The right panel shows the state segments for each time series. Resulting
from the Motile/Stationary test, each green panel denotes a Motile segment, each
red panel denotes a Stationary segment, and the black dashed lines represent the
changepoint times. In the segment duration versus speed plot, the blue points denote
the inferred segments.

data is generated under a continuous piecewise linear model. We reformulate the test

for segment speed into a general linear hypothesis testing framework, where the test

statistic is shown to follow an F distribution. Through simulation experiments, we

illustrate the e�ectiveness of the test in identifying stationary/motile segments and its

capability to detect the motile segment at a speed as low as 0.025µm/s, associated

with a duration of 10s and a noise level of ‡ at 0.2. We also demonstrate that the

test operates e�ectively on the inferred changepoints from CPLASS and support the

notion that considering the proportion of time spent at various speeds will yield a

more stable metric for trajectory characterization, as noted in Chapter 2. We point
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out the limitation of the test when applied to the anchor di�using model, where

the actual anchor’s location follows a Brownian motion with drift instead of linear

paths. Subsequently, we apply the test to the quantum dot dataset and discuss the

significance of considering noise information in the path while classifying the states of

the segments.

The ideas presented in this chapter mark an initial step toward developing a robust

statistical test for segment states in intracellular transport. Real-world challenges

arise from both the di�usivity of the anchor and the small sample size. Several key

concerns remain for future work:

• How can we clarify whether the motile segment identified by the current test is

due to drifting or just di�usion?

• How can we address the double-dipping issue in small-sample scenarios where

selection e�ects might still introduce bias?

Regarding the latter concern, the double-dipping issue arises because the same

data is used both to detect changepoints and to test properties of the identified

segments. This can lead to inflated false positive rates [15, 90], as the hypothesis test

is not truly independent of the selection process. However, CPLASS demonstrates

strong changepoint detection performance even for small sample sizes (e.g., n Ø 50),

reducing the severity of this issue. While this mitigates the concern to some extent,

the statistical inference problem remains: current selective inference techniques, which

adjust for data-driven selection, focus primarily on mean-change detection [67, 87]

and do not directly apply to velocity changepoint detection methods like CPLASS.

Furthermore, existing selective inference research in changepoint problems mainly

addresses uncertainty quantification of the detected changepoints rather than statistical

testing of segment properties.
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One potential direction for addressing this issue is to develop post-selection inference

methods tailored to CPLASS, ensuring valid statistical tests for segment classification.

An alternative approach is post-inference selection, as introduced in the Narrowest

Significance Pursuit (NSP) method ([47]), which provides confidence intervals for

changepoints rather than relying on post-hoc hypothesis testing. While NSP is

currently available to detect slope changes in one-dimensional data, its principles

suggest promising future directions for higher-dimensional velocity-based changepoint

inference.
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Chapter 5

Dendrogram Pruning and Merging

(DPM) for Multiple Changepoint

Detection

As discussed in Chapter 3, one limitation of CPLASS is its computational e�ciency.

The stochastic search relies on randomness to explore the search space, potentially

spending time investigating unpromising regions before locating an optimal or near-

optimal solution. One way to reduce the search workload is by initially overfitting

the data with k ≠ 1 changepoints (k > k0) and then applying a rule to eliminate

the unnecessary ones. With this approach, we only need to search for r with fixed

k segments and subsequently use a straightforward computational process to prune

redundant changepoints and merge the corresponding segments optimally until we

receive the final solution. This motivation led to the development of the Dendrogram

Pruning and Merging (DPM) segmentation algorithm, designed to detect multiple

changepoints, specifically in mean, variance, and both mean and variance. This

work marks the first step in our journey toward constructing DPM for intracellular

transport.

This is a joint work with Dat Do from the Department of Statistics at the University
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of Michigan and my advisor, Scott A. McKinley. First, we establish its theoretical

foundations, highlighting its rapid convergence rates and versatility in handling

various kernels and multi-dimensional data. Next, we explain how DPM reduces

computational costs by incorporating an e�cient search method, such as Binary

Segmentation (BinSeg), to create a dendrogram of changepoint locations without

the necessity of repeated model fitting. Additionally, we introduce the Dendrogram

Selection Criterion (DSC) for model selection, which uses segment-wise parameter

distances and segment lengths rather than relying solely on the number of free

parameters. Through simulation studies, we demonstrate that DSC is competitive

with existing information criteria and o�ers improved robustness in specific scenarios.

5.1 Introduction

Introduction of the model and its applications. Changepoint detection is a

fundamental problem in statistical analysis and signal processing, aimed at identifying

points where the statistical properties of a sequence of observations shift. This problem

has broad applications across various fields, including quality control [95, 105, 137],

finance [6, 7, 86], climate studies [13, 92, 112, 131], and genomics [49, 103]. The roots

of changepoint detection trace back to early work in the mid-20th century, particularly

in industrial quality control, where the focus was on detecting shifts in manufacturing

processes. The seminal Cumulative Sum (CUSUM) method, introduced by Page

in 1954 [105], was one of the first systematic approaches for changepoint detection,

designed to detect shifts in the mean of a sequential process. In finance, changepoint

methods have been employed to detect regime changes in market conditions, while in

climate science, they help in identifying shifts in temperature or precipitation patterns.

Genomics has also seen widespread use of changepoint detection to identify significant

changes in DNA sequences [49, 64, 65, 103], such as copy number variations.
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Inference in changepoint detection models. Making inferences in changepoint

detection involves modeling the homogeneous signal in each segment and the number

of changepoints, either a priori or via some model selection methods [128]. Here,

we focus on the setting where data within each segment is modeled as i.i.d. from a

pre-specified kernel, and parameters are estimated using the Maximum Likelihood

Estimation (MLE) method. This approach is flexible and applicable for several data

types, such as discrete data (by modeling them using, e.g., Binomial or Poisson kernel)

and continuous data (using Gaussian kernel). In this chapter, we aim to study the

large-sample limit of the MLE for the changepoint model (with a possibly misspecified

number of changes) and, from that theoretical insight, propose a practically appealing

method for making inferences and selecting changepoint models.

Specifically, assume that we obtain n multivariate observations (yi)n
i=1 µ Rd in a

equally spaced grid (ti)n
i=1 in [0, 1] according to the true model with k0 segments:

yi
ind.≥ p(yi|f 0(ti)); f 0 =

k0ÿ

i=1
1[·0

i≠1,·0
i )◊

0
i , (5.1)

where {p(y|◊) : ◊ œ �} is a pre-specified kernel, · 0 = (· 0
1 , . . . , · 0

k0≠1) µ (0, 1) are

the true changepoints with · 0
0 = 0, · 0

k0 = 1, and (◊0
i )k0

i=1 are true parameters for k0

homogeneous segments. Those parameters are summarized using the signal function

f 0 : [0, 1] æ � with k0 pieces.

Because k0 is often unknown in practice, we may over-fit the system with a large

number of segments k (possibly k > k0):

(‚· n, ‚◊
n) = arg max

nÿ

i=1
log p(yi|f· ,◊(ti)); f· ,◊ =

kÿ

i=1
1[·i≠1,·i)◊i, (5.2)

and get the MLE ‚fn := f‚· n
,‚◊n = qk

i=1 1[‚·n
i≠1,‚·n

i )
‚◊n
i of k pieces. We then study the

convergence rate of this over-fitted signal function and find that although the model
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is overfitted, the estimated signal ‚fn still converges to f 0 at a fast, parametric root

n rate. Hence, there are several redundant estimated changepoints that need to be

pruned (i.e., merge nearby segments) to make inferences from this over-fitted system.

To this end, we suggest a merging procedure to find the true number of changepoints.

Aesthetically, the procedure comes with a binary tree representing the hierarchy of

changes in the detected changepoints.

Literature review. The body of literature concerning multiple changepoint detec-

tion problems can be divided into two primary categories. The first category focuses on

minimizing a criterion function consisting of a fit measure (likelihood or least-squares)

and a penalty to avoid overfitting. Regarding fixed changepoint numbers, we refer

to [139] using least-squares estimation for iid noise model, [18] with an extension of

the previous work to cases where variance depends on the mean, [106] and [144] use

a likelihood criterion with a penalty depending on both the number and location of

changepoints to favor a more uniformly spread estimated changepoint distribution.

For an unknown but bounded number of change points problems, the choices for the

penalty terms can be found in [141] with the Schwarz criterion, and [89] uses a more

general criterion but is still linear in the number of changepoints. The discussion of

changepoint problems for dependent observation can be found in [84] where they use

penalized least-squares estimation, with a penalty linear in the number of changepoints;

more related work can be found in [82, 83]. [88] uses model selection penalties inspired

by [16]. [17] and others (e.g., [27, 28, 138]) study Schwarz-like penalties in more

general forms. [113] propose using the Minimum Description Length (MDL) criterion.

[55] use a least-squares criterion with a total variation penalty. However, the total

variation penalty is suboptimal for balancing type-I and type-II errors, as noted by [20]

and [24]. [115] and [116] also consider this penalty as part of the fused lasso penalty

proposed by [127]. The SMUCE estimator ([43]) and the empirical Bayes method by
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[35] also fit into the penalized framework. When it comes to the practical question of

how it is feasible to minimize a criterion function, there are dynamic programming

algorithms for doing this, including optimal partitioning [69], the Pruned Exact Linear

Time (PELT) algorithm [109], the pruned dynamic programming by [114], and FPOP

[97]. The PELT, pruned dynamic programming, and FPOP reduce the computational

cost of dynamic programming, which is O(n2) (see [69]) to linear in best-case scenarios

(while remaining quadratic speed in worst-case ones). Another attempt to reduce the

computational cost includes a genetic algorithm [113]. [136] utilizes the fast discrete

wavelet transform for changepoint detection, while [66] and [37] introduce the “moving

sum” (MOSUM) technique, which involves an additional bandwidth parameter.

The second category contains the class of methods based on Binary Segmentation

(BinSeg) and its variants. BinSeg operates by recursively detecting changepoints and

splitting data into subsegments until a stopping criterion is met. It is a "greedy"

and sequential approach, depending on prior stages, with each stage involving one-

dimensional optimization. Originally proposed by [135], BinSeg has been shown to

be consistent under various settings, including those addressed by [132], [5], and [22].

It has been applied in both univariate and multivariate time series segmentation

(e.g., [25, 26, 48]). Although BinSeg has low computational complexity and is easy

to implement, its "top-down" strategy can struggle with challenging data structures,

particularly when segments contain multiple changepoints in complex configurations

(see [44]). Modifications like Circular Binary Segmentation [104, 133], Wild Binary

Segmentation [44], and the Narrowest-Over-Threshold [9] method aim to improve

performance, albeit with increased computational demands.

Because of its broad applications, the literature on changepoint detection is abun-

dant; we refer to [1, 41, 123, 128] for general contexts. Here, we only focus on the

theory and methods for fitting changepoint models with MLE. For the single change-
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point model, [61] studied the asymptotic normality of the changepoint given other

parameters are known. For the Gaussian model, we refer to [140].[59, 60] explore

the asymptotic theory for binomial changepoint cases. [30] studied the asymptotic

distribution of usual likelihood ratio test statistics in a single change point case for

an exponential family. However, the resulting test statistics do not have simple null

limiting distributions. In addition, we are not aware of any results in the literature

on the null limiting distribution of the usual likelihood ratio test statistic in multiple

change point problems. [82, 85] extended the results for dependent noise and high-

dimensional data. [58] showed the convergence of estimated changepoints and the

asymptotic distribution of parameters when the true number of changes is known.

The agglomerative approach receives relatively scant attention in the changepoint

literature. In nonparametric changepoint analysis, [99] (Section 6) proposed a heuristic

algorithm for merging pre-specified segmentation using a divergence based on U-

statistics. For detecting changes in mean for one-dimensional signal, [45] considered

using the Unbalanced Haar wavelet to construct a (potentially over-fitted) estimator

for the underlying signal, then post-process it by merging down using the learned

wavelet coe�cients. Compared to the mentioned method, ours is motivated by the

convergence rate of an over-fitted signal, which is learned using the flexible MLE

framework. However, we assume the user uses some algorithms to get the MLE.

Contributions. This work presents an agglomeration algorithm called Dendrogram

Pruning and Merging (DPM) for solving multiple change point detection problems. It

is supported by a theory of fast convergence rates and can work with di�erent kernels

and multi-dimensional data. DPM also o�ers a low computational cost when combined

with a fast search method such as BinSeg, since we only need to fit the model once

at an overfitted level and then construct a binary tree (dendrogram) of changepoint

locations (e.g., see Figure 5.3). This dendrogram visualizes the pruning and merging
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procedure of those changepoints without refitting the model (Figure 5.2), where we

can observe the positions of changepoints and the associated distances, referred to as

dendrogram heights, at each level of the tree (see Section 5.3 for details on the distance

mentioned here). We also introduce a selection criterion called the Dendrogram

Selection Criterion (DSC)1 for model selection based on the constructed dendrogram

of changepoint locations. Using empirical process theory [129], the consistency in

estimating the number of changepoints using the DPM with DSC is guaranteed. In

simulation studies, we demonstrate that DSC competes well with popular information

criteria used in changepoint detection problems, and it proves to be more robust

in certain scenarios discussed later in the paper. One reason for this is that the

formulation of DSC incorporates the relative distances between the parameters of

fitted adjacent segments and their lengths, instead of relying solely on the number

of free parameters, as is the case with other popular information criteria such as the

Bayesian Information Criterion (BIC) or the Akaike Information Criterion (AIC).

Notations. Let p(y|◊) be a pre-specified density/mass function with data y œ

Y µ Rd and parameter ◊ belongs to a compact parameter space � µ Rm. Let

Fk(�) be the space of "piecewise-constant functions with k pieces" from T = [0, 1]

to �. Denote T k≠1
ø = {· = (·1, . . . , ·k≠1) : 0 < ·1 < ·2 < · · · < ·k≠1 < 1} by the

set of (k ≠ 1) possible changepoints. Each function f· ,◊ œ Fk is parametrized by

· = (·1, . . . , ·k≠1) œ T k≠1
ø and k parameters ◊ = (◊1, ◊2, . . . , ◊k+1) µ � satisfying

◊i ”= ◊i+1’i œ [k] (where [k] = {1, ..., k}) as

f· ,◊ = ◊11[0,·1) + ◊21[·1,·2) + · · · + ◊k≠11[·k≠2,·k≠1) + ◊k1[·k≠1,1]. (5.3)

1which was first presented in [31] with the name DIC (Dendrogram Information Criterion)
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Henceforth, such a function has exactly (k ≠ 1) changepoints. Denote FÆk(�) =

fikÕÆkFkÕ(�) by the space of piecewise-constant functions with at most k pieces. Let

Î·Î be the Euclidean norm on �, and L2 := {f : [0, 1] æ � : ÎfÎL2
< Œ} be the space

of square integral functions, where ÎfÎ2
L2

:=
s 1

0 Îf(t)Î2 dt.

For two sequences (an)Œ
n=1 and (bn)Œ

n=1, we write an . bn (or an = O(bn)) if

an Æ Cbn where C is a constant not depending on n. We write an & bn when bn . an,

and an ® bn if an & bn and bn . an. We write an π bn (or an = o(bn)) if an/bn æ 0 as

n æ Œ. For two density functions p and q, denote h2(p, q) = 1
2

s
(p1/2(y) ≠ q1/2(y))2dy

by the square Hellinger distance, V (p, q) = 1
2

s
|p(y) ≠ q(y)|dy the Total Variation

distance, and KL(pÎq) =
s

p(y) log p(y)
q(y)dy by the Kullback-Leibler divergence between

p and q. They are related by V 2 Æ
Ô

2h Æ V and V (p, q) Æ
Ò

2KL(pÎq).

5.2 Asymptotic behavior of over-fitted signal func-

tions and its implications

In this section, we show that the over-fitted signal function still converges to the

true signal function with the fast root-n rate, which is just as fast as the exact-

fitted estimated signal. As a consequence, for each true changepoint, there is at

least an estimated changepoint that consistently estimates it. This convergence

behavior motivates a post-processing procedure of merging nearby segments with

similar distribution, which will be useful for summarization and model selection.

5.2.1 Convergence rate of over-fitted signal functions

Assume that we observed data y1, . . . , yn on the fixed, equally spaced design point

(ti)n
i=1 = (1/n, 2/n, . . . , 1) as

yi
ind.≥ p(y|f· 0,◊0(ti)), for i = 1, 2, . . . , n, (5.4)
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where · 0 = (· 0
1 , . . . , · 0

k0≠1) are true changepoints and ◊0 = (◊0
1, . . . , ◊0

k0) are true

parameters in segments. We fit the data with an over-fitted system with k Ø k0

segments to get the MLE

‚· n, ‚◊
n = arg max

· ,◊

nÿ

i=1
log p(yi|f· ,◊(ti)), (5.5)

where ‚· n = (·̂n
1 , . . . , ·̂n

k≠1), ‚◊
n = (‚◊n

1 , . . . , ‚◊n
k ), and we denote ‚fn = f‚· n

,‚◊n for short. A

natural distance for evaluating convergence for functions is the average empirical L2

distance [130]: For two functions f, g : [0, 1] æ �, define

Îf ≠ gÎn :=
A

1
n

nÿ

i=1
Îf(i/n) ≠ g(i/n)Î2

B1/2

. (5.6)

This is also known as the empirical L2 risk used in [32, 45]. Our strategy to examine the

convergence rate of ‚fn to f 0 in Î·În contains two steps. We first use the application

of empirical process theory in M-estimation [129] to show the convergence of the

MLE’s densities to the true signal’s densities. Then, we relate it to the convergence

of the estimated signals by investigating the relationship between the geometry of

density and functional space. Indeed, the empirical process theory provides us with

a useful tool for establishing the concentration behavior of MLE of a sequence of

independent observations like in the Changepoint detection model, in which we will

concisely present the main required results with notations adapted to our specific

problem below.

Given two sequences of densities (p1, . . . , pn) and (q1, . . . , qn) on Y , define the

Hellinger process [52, 129] between product densities p = ¢n
i=1pi and q = ¢n

i=1qi and

its average to be

h2
n(p, q) := 1

2

nÿ

i=1
h2(pi, qi), h

2
n(p, q) := 1

n
h2

n(p, q). (5.7)
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For function f· ,◊, denote p(n)
· ,◊ by the product density ¢n

i=1p(·|f· ,◊(ti)) on Yn. The

Empirical process theory provides many useful concentration inequalities uniformly

over balls in the density space {p(n)
· ,◊ : (· , ◊) œ T k≠1

ø ◊ �k} so that the convergence

rate of MLE p(n)
‚· ,‚◊ boils down to calculate (or su�ciently provide an upper bound for)

the smallest number of balls to cover this space in the Hellinger process distance.

This number is often referred to as the "covering number," which we will now define.

Definition 5.1: Entropy number with bracketing

For ” > 0 , let NB(”) be the smallest integer N such that there exists a

collection of non-negative functions {pL
j , pU

j }N
j=1 with pL

j = (pL
j1, . . . , pL

jn) and

pU
j = (pU

j1, . . . , pU
jn) such that for every (· , ◊) œ T k≠1 ◊ �k, there is a j = j(· , ◊)

such that

(i) hn

A
pL

j + p0

2 ,
pU

j + p0

2

B

Æ ” and

(ii) pL
ji(y) Æ p(y|f· ,◊(i/n)) Æ pU

ji(y) for all y œ Y and i œ [n].

Then NB(”) and HB(”) = log NB(”) are called the Hellinger covering number and

entropy number with bracketing, respectively.

For c0 being a suitable universal constant, define the entropy integral:

JB(”) :=
⁄ ”

”2/c0
H1/2

B (u)du ‚ ”, 0 < ” Æ 1. (5.8)

The main result, of which the notation is adapted to our model, is stated as follows.
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Theorem 5.1: Theorem 8.14 in [129]

Suppose there exists a function �(”) Ø JB(”), and �(”)/”2 is a non-increasing

function of ”. Then for a given sequence (”n) and a universal constant c > 0

satisfying
Ô

n”2
n Ø c�(”n), (5.9)

we have that for all ” Ø ”n,

P
3

hn

3
p(n)

‚· n
,‚◊n , p(n)

· 0,◊0

4
Ø ”

4
Æ c exp

A

≠n”2

c2

B

. (5.10)

In general, the entropy number HB(”) ® log(1/”) as in usual parametric model leads

to convergence rate ”n ® n≠1/2 and HB(”) ® (1/”)– leads to ”n ® n≠–/(2–+1) [129].

In the following, we introduce two conditions for the kernel p(y|◊) that will be

needed for later theorems on the convergence rate of signal functions.

Condition (K1). The kernel p(x|◊) satisfies

c Î◊ ≠ ◊ÕÎ Æ h(p(·|◊), p(·|◊Õ)) Æ c Î◊ ≠ ◊ÕÎ ’◊, ◊Õ œ �, (5.11)

for some constant c, c only depend on p and �.

Condition (K2). Suppose that sup◊œ� Îp(·|◊)ÎŒ is bounded, Îp(·|◊) ≠ p(·|◊Õ)ÎŒ .

Î◊ ≠ ◊ÕÎ for all ◊, ◊Õ œ �, and p(y|◊) has uniformly light tails, i.e., there exist constants

D, d1, and d2 so that p(y|◊) Æ d1 exp(≠d2 ÎyÎd3)’ ÎyÎ Ø D, ◊ œ �.

Condition (K1) is useful to show the equivalence of Î·În and hn, which connects

the convergence rate in densities to that of signal functions, as shown in Lemma 2.

This condition is satisfied for popular kernels such as Gaussian and Poisson kernels
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with bounded parameter space. Proof of checking this condition is deferred to the

appendix.

Lemma 2. Under condition (K1), for all (· , ◊), (· Õ, ◊Õ) œ T k≠1
ø ◊ �k

we have

...f· ,◊ ≠ f· Õ,◊Õ

...
n

® hn(p(n)
· ,◊, p(n)

· Õ,◊Õ). (5.12)

Condition (K2) is used to establish the bound on the entropy number with bracketing

of kernel p as HB(”) ® k log(n/”), which will be used to show the desired convergence

rate.

Theorem 5.2: Convergence rate of the MLE overfitted signal function

Under assumption (K1) and (K2), there exists universal constants c1, c2 so that

with probability at least 1 ≠ c1n≠c2 , we have

...f‚· n
,‚◊n ≠ f· 0,◊0

...
n

Æ C

A
log n

n

B1/2

, (5.13)

where C is a constant that only depends on kernel p, parameter space � and k.

A simulation study to confirm this convergence rate is carried out in Section 5.5.

Before discussing the Dendrogram-based approach with signal functions, we present

the following table containing all notations used throughout the chapter to enhance

the flow of the discussion.

2After pruning and merging from the starting MLE overfitted function f̂n, the signal functions
f

·̂ n,(Ÿ),◊̂
n,(Ÿ) (Ÿ œ [k ≠ 1])are no longer MLE.
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True signal function MLE signal function Signal function
(Not necessarily MLE)

f0 = f· 0,◊0 = f· 0,(k0),◊0,(k0) f̂n = f̂·̂ n,◊̂
n = f

·̂ n,(k),◊̂
n,(k) f· n,◊n = f· n,(k),◊n,(k)

Associated sequence of signal functions after pruning and merging

{f· 0,(Ÿ),◊0,(Ÿ)}k0
Ÿ=1 {f

·̂ n,(Ÿ),◊̂
n,(Ÿ)}k

Ÿ=1
2

(for k Ø k0)
{f· n,(Ÿ),◊n,(Ÿ)}k

Ÿ=1
(for k Ø k0)

Associated parameters at the level Ÿ-th of the Dendrogram

· 0,(Ÿ) =
1
· 0,(Ÿ)

1 , . . . , · 0,(Ÿ)
Ÿ

2

◊0,(Ÿ) =
1
◊0,(Ÿ)

1 , . . . , ◊0,(Ÿ)
Ÿ

2
·̂ n,(Ÿ) =

1
·̂n,(Ÿ)

1 , . . . , ·̂n,(Ÿ)
Ÿ

2

◊̂
n,(Ÿ)

=
1
◊̂n,(Ÿ)

1 , . . . , ◊̂n,(Ÿ)
Ÿ

2
· n,(Ÿ) =

1
·n,(Ÿ)

1 , . . . , ·n,(Ÿ)
Ÿ

2

◊n,(Ÿ) =
1
◊n,(Ÿ)

1 , . . . , ◊n,(Ÿ)
Ÿ

2

Table 5.1: Notation Table

5.2.2 Consequence on the asymptotic behavior of over-fitted

parameters

Now, we examine the implications of the convergence rate of signal functions for

parameters ‚· n and ‚◊
n, which are the main concerns when reporting results from the

changepoint model. Let Tij be the number of design points in [· 0
i≠1, · 0

i ) fl [·̂n
j≠1, ·̂n

j )

and pij = Tij/n, where we drop the dependence of n on T and p’s for ease of notation,

we have

...f‚· n‚◊n ≠ f· 0,◊0

...
2

n
= 1

n

k0ÿ

i=1

kÿ

j=1
Tij

...‚◊n
j ≠ ◊0

i

...
2

=
k0,kÿ

i,j=1
pij

...‚◊n
j ≠ ◊0

i

...
2

Æ C

A
log n

n

B

,

(5.14)

and qk
j=1 pij = p0

i ,
qk0

i=1 pij = ‚pn
j , where p0

i = · 0
i ≠ · 0

i≠1 and ‚pn
j = ·̂n

j ≠ ·̂n
j≠1. We take

· 0
0 = ‚·n

0 = 0 and · 0
k0 = ‚·n

k = 0 as convention. This implies:

(i) For segment-wise parameters ◊ , if the intersection pij is non-vanishing and

‚pj æ p0
i (e.g., case i = j = 1 Figure 5.1), we have ‚◊n

j æ ◊0
i in the fast

Ô
n rate

(up to a logarithmic factor);

(ii) For each true · 0
i , there exists at least an estimated changepoint ‚·n

j tends to it
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Figure 5.1: Over-fitted signal with k = 7 segments (in blue) and estimated changepoints
(in red) is plotted against true changepoints (in green) with k0 = 4 for simulated data
with n = 400.

with 1/n rate (up to a logarithmic factor), as will be shown in Lemma 3.

Hence, there will be a subset of k0 over-fitted parameters (‚·n
j , ‚◊n

j )k
j=1 that match the

rate of exact-fitted signal in the setting k = k0 is known (see also [58]). The behavior

of the (k ≠ k0) redundant estimated changepoint is more complicated and can be

grouped into two categories:

(i) Changepoint ‚·n
j is put in the middle of a long homogeneous segment (e.g., case

j = 2, 3 in Figure 5.1) with two consecutive ‚◊n
j and ‚◊n

j+1 approximate ◊0
i well;

(ii) Several changepoints ‚·n
j try to estimate the same true changepoint (e.g., case

j = 5, 6 in Figure 5.1) resulting in short segment [·̂n
j≠1, ·̂n

j ) and arbitrary ‚◊n
j

which does not match ◊0
i .

Instead of trying to characterize each category individually, which is challenging,

we use the fact that convergence rate (5.14) leads to a simple observation:

pij

...‚◊n
j ≠ ◊0

i

...
2

Æ C

A
log n

n

B

, and pi(j+1)
...‚◊n

j+1 ≠ ◊0
i

...
2

Æ C

A
log n

n

B

,

for all i œ [k0] and j œ [k]. Combining with pigeonhole-type argument to show the

existence of index i and two consecutive indices j and j + 1 such that pij ® ‚pn
j and

pi(j+1) ® ‚pn
j+1, we have

‚pn
j

...‚◊n
j ≠ ◊0

i

...
2

+ ‚pn
j+1

...‚◊n
j+1 ≠ ◊0

i

...
2 . pij

...‚◊n
j ≠ ◊0

i

...
2

+ pi(j+1)
...‚◊n

j+1 ≠ ◊0
i

...
2 .

A
log n

n

B
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Hence, an application of Cauchy-Schwarz inequality implies

‚pn
j ‚pn

j+1
‚pn

j + ‚pn
j+1

...‚◊n
j ≠ ‚◊n

j+1

...
2

Æ ‚pn
j

...‚◊n
j ≠ ◊0

i

...
2

+ ‚pn
j+1

...‚◊n
j+1 ≠ ◊0

i

...
2 .

A
log n

n

B

. (5.15)

Notably, the left-hand side of this inequality does not depend on the true parameters

(· 0, ◊0) anymore, but only on the estimated parameters. This motivates us to post-

process the over-fitted solution to prune such redundant changepoint ·̂n
j and merge

similar {‚◊n
j , ‚◊n

j+1} to obtain a more sparse summary of the model parameters. Because

k0 is unknown, we prune those changepoints one by one until no changepoint is left,

resulting in a dendrogram (tree) of segmentation in a bottom-up fashion, which will be

useful for selecting model and hierarchy discovery simultaneously. We are presenting

this procedure in detail in the next section.

5.3 Dendrogram Pruning and Merging (DPM)

5.3.1 Dendrogram Pruning and Merging Algorithm

Now, we describe an algorithm to sequentially project a given signal function of

k pieces to spaces of functions with fewer pieces. The treatment in this section is

not exclusive to the MLE but should be considered a general strategy for performing

dimension reduction for piecewise functions. Interestingly, it is also provable to be

optimal (in L2 sense), as will be shown in Proposition 1. Later, we will apply this

method to the MLE and show that it has good asymptotic properties.

Given a signal function f· ,◊ œ Fk(�) with parameters · = (·1, . . . , ·k≠1) œ T k
ø µ

(0, 1)k≠1 and ◊ = (◊1, . . . , ◊k) œ �k. In the following, we write ·0 = 0 and ·k = 1 as

convention. For each j œ [k ≠ 1], calculate the dissimilarity between the j-th segment
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and the (j + 1)-th segment by

dj :=
A

(·j ≠ ·j≠1)(·j+1 ≠ ·j)
·j+1 ≠ ·j≠1

Î◊j ≠ ◊j+1Î2
B1/2

, ’j œ [k ≠ 1]. (5.16)

Note that dj is small if either Î◊j ≠ ◊j+1Î or (·j ≠ ·j≠1)(·j+1 ≠ ·j) is small. We choose

jú = arg minjœ[k≠1] dj and define

◊ú
jú = ·jú ≠ ·jú≠1

·jú+1 ≠ ·jú≠1
◊jú + ·jú+1 ≠ ·jú

·jú+1 ≠ ·jú≠1
◊jú+1. (5.17)

We then prune ·jú and merge the jú and (jú + 1)-th segments to obtain f·̃ ,◊̃ œ Fk≠1(�)

with

·̃ = (·1, . . . , ·jú≠1, ·jú+1, . . . , ·k≠1) and ◊̃ = (◊1, . . . , ◊jú≠1, ◊ú
jú , ◊jú+2, . . . , ◊k).

(5.18)

Finally, we can perform this sequentially to get a sequence of piecewise functions with

decreasing numbers of segments, as summarized in Algorithm 3. We call this algorithm

"Dendrogram Pruning and Merging" as we sequentially merge consecutive segments of

the given function, resulting in a tree (dendrogram) of nested segmentation.

Recall the L2 norm of the di�erence between two functions f and g : [0, 1] æ � is

Îf ≠ gÎL2
=

3⁄ 1

0
Îf(t) ≠ g(t)Î2 dt

41/2
.

This L2 norm is the limit version of the average empirical L2 distance given by

equation (5.5), i.e., Îf ≠ gÎn
næŒ≠≠≠æ Îf ≠ gÎL2

for f, g œ L2. Furthermore, for · , · Õ µ

{1/n, 2/n, . . . , 1}, we have
...f· ,◊ ≠ f· Õ,◊Õ

...
n

=
...f· ,◊ ≠ f· Õ,◊Õ

...
L2

. The following proposi-

tion explains the optimality of the proposed merging procedure in L2 sense.

Proposition 1. Given f· ,◊ œ Fk(�), the function f·̃ ,◊̃ obtained from the pruning and
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Algorithm 3 Dendrogram Pruning and Merging (DPM) segmentation algorithm
Require: A piecewise signal function f· (k),◊(k) = qk

i=1 1[·j≠1,·j)◊j of k pieces.
1: for Ÿ runs backward from k to 2 do
2: calculate d(Ÿ)

j from f· (Ÿ),◊(Ÿ) as in Equation (5.16);
3: find the optimal index jú = arg min d(Ÿ)

j to prune;
4: obtain (· (Ÿ≠1), ◊(Ÿ≠1)) = (·̃ (Ÿ), ◊̃

(Ÿ)) as in Equation (5.17) and (5.18).
5: end for
6: return A sequence of signal functions (f· (Ÿ),◊(Ÿ))k

Ÿ=1 with Ÿ = 1, . . . , k pieces,
respectively.

merging procedure above is the optimal projection of f· ,◊ into the space of functions

with at most (k ≠ 1) pieces in the L2 sense:

f·̃ ,◊̃ = arg min
fœFÆk≠1(�)

Îf· ,◊ ≠ fÎ2
L2

. (5.19)

Furthermore,

djú =
...f· ,◊ ≠ f·̃ ,◊̃

...
L2

. (5.20)

Convergent properties of signal functions on the dendrogram. Because

DPM minimizes the dissimilarity dj as in Equation (5.16) in every step, it is a useful

device to sequentially eliminate similar consecutive parameters (◊j ¥ ◊j+1) and short

segments (·j ¥ ·j+1), which exactly aligns with the behavior of over-fitted parameters

in changepoint models (as discussed in Section 5.2.2). Now, suppose that we have a

sequence of estimate f· n,◊n œ FÆk(�) (not necessarily the MLE) to the true signal

function f· 0,◊0 œ Fk0(�) such that

...f· n,◊n ≠ f· 0,◊0

...
n

Æ C‘n ’n, (5.21)

for k Ø k0, C is a constant (not depend on n) and ‘n æ 0 (as n æ Œ). We now examine

the e�ect of DPM on those fast-convergent sequences of functions. In particular, all the

signal functions on the dendrogram of f· n,◊n with at least k0 segments will be shown



105

Figure 5.2: Illustration for the pruning and merging procedure with simulated data
from a normal mean multiple changepoint model with the actual number of segments
being k0 = 4, and a constant standard deviation being ‡ = 2. The sample size n = 400.
The data is overfitted by k = 7. The green vertical lines represent the actual locations
of the changepoints, while the red lines indicate the detected changepoints in each
pruning and merging step.
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to inherit the same convergence rate to f· 0,◊0 , albeit possibly having less segment than

the original estimator f· n,◊n . Because we perform the pruning and merging operations

sequentially, the following two lemmas on the stability of this operation will be useful

in establishing the convergence of the whole sequence. First, we show that such a

sequence of signal functions {f· n,◊n}n µ FÆk will not miss any true changepoint.

Lemma 3. Given a signal function f· 0,◊0 œ Fk0(�). Let C be a constant that does not

depend on n, and k Ø k0. For any sequence of signal functions f· n,◊n œ Fk(�) that

satisfies (5.21) with constant C and tolerance ‘n, we have that for every · 0
i (i œ [k0≠1]),

there exist at least a sequence ·n
jn

(jn œ [k ≠ 1]) satisfying

P
1
|·n

jn
≠ · 0

i | Æ C Õ‘2
n

2
æ 1 i œ [k0 ≠ 1]

as n æ Œ, where the constant C Õ
depends on C, f· 0,◊0, � and k.

Using this result, we can show that the convergence rate to the true signal function

will not change when we prune the redundant changepoints in the following lemma.

We refer to Table 5.1 for the notation conventions.

Lemma 4. Assume the same constant C and sequence f· n,◊n as in Lemma 3. Further

assume that k Ø k0 + 1, then

...f· n,(Ÿ≠1),◊n,(Ÿ≠1) ≠ f· 0,◊0

...
2

n
Æ

...f· n,(Ÿ),◊n,(Ÿ) ≠ f· 0,◊0

...
2

n
+ wŸ‘2

n . ‘2
n,

for all Ÿ œ [k0 + 1, k], where the constants wŸ’s depend only on C, f· 0,◊0 , �, and k.

5.3.2 Asymptotic property of the Dendrogram Pruning and

Merging

Together with Theorem 5.2, Lemma 3 and Lemma 4 pave us the way to study the

asymptotic properties of the signal functions obtained by applying DPM to the over-



107

fitted MLE, which we present in the following. Given data (ti, yi)n
i=1 generated from

true model (5.1) with the true signal function f 0 = f· 0,◊0 . Let f̂n = f‚· n
,‚◊n be the MLE

of the changepoint model (5.2) with at most k segments (k Ø k0) and (f‚· n,(Ÿ)
,‚◊n,(Ÿ))k

Ÿ=1

be the sequence of signal functions resulting from the DPM algorithm applying for ‚fn.

Let (f· 0,(Ÿ),◊0,(Ÿ))k0
Ÿ=1 denote the sequence of signal functions when applying DPM to the

true signal function. The under-fitted levels Ÿ < k0 of the true signal functions inform

us the hierarchy of changes’ magnitude. Moreover, the convergence of f‚· n,(Ÿ)
,‚◊n,(Ÿ) to

f· 0,(Ÿ),◊0,(Ÿ) for every Ÿ shows the stability of DPM algorithm and will be useful for

model selection.

Now, we state our main result on the convergence of each function on the den-

drogram to the true functions, where the convergence rate ‘n is made explicit as

‘n = (log n/n)1/2 æ 0 from now on.

Theorem 5.3: Convergence of the DPM signal functions

Assuming conditions (K1) and (K2). There exists universal constants c1, c2 so

that with probability at least 1 ≠ c1n≠c2 , we have

....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f· 0,◊0

....
n

Æ C

A
log n

n

B1/2

, ’k0 Æ Ÿ Æ k, and (5.22)

....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f· 0,(Ÿ),◊0,(Ÿ)

....
n

Æ C

A
log n

n

B1/2

, ’1 Æ Ÿ Æ k0, (5.23)

where C is a constant that only depends on p, f· 0,◊0 , �, and k.

Corollary 1. With the same assumption and probability as Theorem 5.3, we have

|‚·n,(Ÿ)
j ≠ · 0,(Ÿ)

j | Æ C

A
log n

n

B

, Î‚◊n,(Ÿ)
j ≠ ◊0,(Ÿ)

j Î Æ C

A
log n

n

B1/2

for all j œ [Ÿ] and Ÿ œ [k0], where C is a constant that only depends on p, f· 0,◊0 , �,
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and k.

Theorem 5.3 demonstrates that as we move from over- to exact-fitted levels, the

signal functions produced by the DPM algorithm converge to the true signal function

with a high probability. This implies that the di�erences between f‚· n,(Ÿ)
,‚◊n,(Ÿ) and

f‚· n,(Ÿ≠1)
,‚◊n,(Ÿ≠1) for k0 < Ÿ Æ k in the empirical L2 norm will tend to 0 with a high

probability. We will turn to study these di�erences, which will be called the height of

the dendrogram.

Definition 5.2: Dendrogram’s Heights

The height of the dendrogram of the MLE at the Ÿ-th level is denoted by

d(Ÿ)
n =

....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f‚· n,(Ÿ≠1)

,‚◊n,(Ÿ≠1)

....
n

, for 1 < Ÿ Æ k, (5.24)

and height of the dendrogram of the true function at the Ÿ-th level is denoted by

d(Ÿ)
0 =

...f· 0,(Ÿ),◊0,(Ÿ) ≠ f· 0,(Ÿ≠1),◊0,(Ÿ≠1)

...
n

, for 1 < Ÿ Æ k0, (5.25)

The following theorem will discuss the convergence rate of these heights at the

under-fit, exact-fit, and over-fit levels.

Theorem 5.4: Convergence of the dendrogram heights

With the same assumption and probability as Theorem 5.3,

d(Ÿ)
n Æ C

A
log n

n

B1/2

, ’k0 < Ÿ Æ k, (5.26)

and

|d(Ÿ)
n ≠ d(Ÿ)

0 | Æ C

A
log n

n

B1/2

, ’1 < Ÿ Æ k0, (5.27)

where C is a constant that only depends on p, f· 0,◊0 , �, and k.
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Theorem 5.4 motivates the use of the Dendrogram in model selection, resulting

in the Dendrogram Information Criteria (DSC) discussed in the next section. The

theorem states that as the sample size (n) becomes large (n æ Œ), if the model

is over-fitted (Ÿ > k0), the height of the dendrogram tends to 0. Conversely, when

transitioning from the exact fitted level to the under-fitted level, the height of the

dendrogram d(Ÿ)
n tends to d(Ÿ)

0 > 0 with a high probability. An illustration is given in

Figure 5.3.

Figure 5.3: Dendrogram for the overfitted signal function. Running on the same
simulated data as mentioned in Figure 5.2.

5.3.3 Relations with Cumulative Sum Test (CUSUM) test in

detecting Change-in-mean

Under the change-in-mean problem, we make a remark on the relationship between

the height of the dendrogram d(Ÿ) and the CUSUM test in the literature [12, 42, 105].
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The CUSUM test statistic is widely recognized for identifying changes in the mean of

a monitored process sequence. It can be intuitively explained that the less distinction

between the sample means of the data collected before and after a time t, the less

evident a changepoint is. This is consistent with the construction of the dissimilarity

Equation (5.16) and the height of the dendrogram. We will go into detail with the

simplest case: detect a change-in-mean in one-dimensional Gaussian data.

Known variance Suppose that each yi is normally distributed with mean µi

(i = 1, ..., n) and common variance ‡2, we test the null hypothesis

H0 : µ1 = µ2 = · · · = µn = µ.

versus

H1 : µ1 = · · · = µc ”= µc+1 = · · · = µn,

where c is the unknown location of the single changepoint. The likelihood-ratio test

compares the maximum of the likelihood for a model with a change at c to the

maximum of the likelihood for a model with no change is determined as:

LRc = 1
‡2

S

U
nÿ

i=1
(yi ≠ ȳ1:n)2 ≠

cÿ

i=1
(yi ≠ ȳ1:c)2 ≠

nÿ

i=c+1
(yi ≠ ȳc+1:n)2

T

V ,

where the notation ȳs:t for t Ø s is used for the sample mean of ys:t:

ȳs:t = 1
t ≠ s + 1

tÿ

i=s

yi.

This likelihood-ratio test statistic can be rewritten as LRc = C2
c /‡2, where Cc is the

so-called CUSUM statistic

Cc =
Û

c(n ≠ c)
n

|ȳ1:c ≠ ȳ(c+1):n|.
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Under the null hypothesis, the CUSUM statistic is the absolute value of a normal

random with mean 0 and variance ‡2, and thus the likelihood-ratio statistic has a chi-

squared distribution with 1 degree of freedom. Since the position of the changepoint

c is unknown, the likelihood-ratio test is LR = maxcœ{1,...,n≠1} LRc. This test is

equivalent to one that is based on the maximum of the CUSUM statistics, Cc. We

will detect a changepoint if LR > a for some suitably chosen value a, and the choice

of a will determine the significance level of the test. It has been proven that the

asymptotic distribution for maxc Cc is the Gumbel distribution [140].

In terms of testing zero versus one changepoint problem, recall the height of the

dendrogram at the second level for this specific change-in-mean problem

d(2)
n =

....f
·̂ n,(2),◊̂

n,(2)

....
n

=
A

(·1 ≠ ·0)(·n ≠ ·1)
·n ≠ ·0

|µ̂1 ≠ µ̂n|2
B1/2

=
A

(n·1 ≠ n·0)(n·n ≠ n·1)
n·n ≠ n·0

|µ̂1 ≠ µ̂n|2
B1/2

=
A

c(n ≠ c)
n

|ȳ1:c ≠ ȳ(c+1):n|2
B1/2

= Cc, (5.28)

So, the height of the dendrogram coincides with the CUSUM statistic form at the

pruning changepoint location ·1 = c/n.

Unknown variance When the noise variance, ‡2, is unknown, the likelihood ratio

test becomes

LRc = n log
A qn

i=1(yi ≠ ȳ1:n)2
qc

i=1(yi ≠ ȳ1:c)2 + qn
i=c+1(yi ≠ ȳc+1:n)2

B

.

We can still re-write this test as a monotonic function of the CUSUM statistic, i.e.,

LRc = n log
A

S2

S2 ≠ C2
c

B

,
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where S2 = qn
i=1(yi ≠ ȳ1:n)2 is the residual sum of squares under a model with no

change, and Cc is the CUSUM statistic. Hence, the likelihood-ratio test for a change

is still equivalent to one based on maxc Cc. Notice that the distribution of the max-

CUSUM statistics under the null will di�er from the known variance one. We refer to

[12, 42] for further discussion on the use of CUSUM.

In both instances, whether the variance is known or unknown, the CUSUM test

is capable of identifying a shift in the mean. Despite the CUSUM test form and the

height of the dendrogram under the change-in-mean setup being similar, the CUSUM

test looks for the location c œ {1, ..., n ≠ 1} where Cc achieves the maximum value,

indicating evidence of a strong di�erence between the two neighboring means. In

contrast, we find the position where the dissimilarity dj = Cnj (j œ [k ≠ 1]) is smallest,

suggesting weak evidence of a changepoint present there, so the changepoint needs to

be pruned.

5.4 Dendrogram Selection Criterion (DSC)

As mentioned in the previous section, Theorem 5.4 provides useful information for

building a criterion for model selection given the constructed dendrogram after running

the DPM algorithm. This section discusses the formation of the Dendrogram Selection

Criterion (DSC) and its consistency theory in choosing the number of changepoints.

The construction of DSC is notable for considering the information on dendrogram

heights. Particularly, suppose we obtain over-fitted MLE f̂n = f‚· n,(k)
,‚◊n,(k) from n

data (ti, yi)n
i=1 with equally spaced (ti). Let d(Ÿ)

n be the height of the Ÿ≠th level of the

dendrogram of this function, with Ÿ = 2, . . . , k. Consider

DSC(Ÿ)
n := ≠

51
d(Ÿ)

n

2—
+ Ên¸n

3
f‚· n,(Ÿ)

,‚◊n,(Ÿ)

46
, (5.29)
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where ¸n(f) := 1
n

qn
i=1 log p(yi|f(ti)) is the empirical average log-likelihood, and Ên

and — > 0 are tuning hyper-parameter. A lower DSC value indicates a better fit. Let

kn = arg minŸ=2,...,k DSC(Ÿ)
n . The following lemma establishes the convergence behavior

of the log-likelihood function ¸n. Because we compare log-likelihoods now, it requires

some mild conditions on how the log-likelihood behaves across models (i.e., relative

conditions of p(y|◊) and p(y|◊Õ) when ◊ ¥ ◊Õ).

Condition (K3). There exist positive constants c– and c— such that for all su�ciently

small ‘ and ◊0, ◊ œ � such that Î◊ ≠ ◊0Î Æ ‘, we have

(1 ≠ c—‘) log p(y|◊0) + c–‘ Ø log p(y|◊) Ø (1 + c—‘) log p(y|◊0) ≠ c–‘ ’y.

Besides, there exists constant “1, “2 > 0 so that Py≥p(◊0
jÕ )(| log p(y|◊0

j )| Ø z) Æ e≠“1z“2

for all z Ø 0 and j, jÕ œ [k0].

We can show that condition (K3) satisfies many popular kernels p belonging to the

exponential family.

Lemma 5. Assume conditions (K1-K3). Let

L0(f) = 1
n

k0ÿ

i=1

ÿ

j:·0
i≠1Ætj<·0

i

EYj≥p(◊0
i ) log p(Yj|f(tj))

be the population average log-likelihood of the model under signal function f , then with

probability increasing to 1 as n æ Œ, we have:

1. (Over-fitted levels) there exists constant Co > 0 only depends on k, p, � such that

¸n

3
f‚· n,(Ÿ)

,‚◊n,(Ÿ)

4
≠ L0(f· 0,◊0) < Co

A
log(n)

n

B1/2

’Ÿ œ [k0, k]; (5.30)
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2. (Exact-fitted level) there exists constant Ce > 0 only depends on k, p, · 0, ◊0
such

that
----¸n

3
f‚· n,(k0)

,‚◊n,(k0)

4
≠ L0

1
f· 0,◊0

2---- Æ Ce

A
log(n)

n

B1/2

; (5.31)

3. (Under-fitted levels) there exists constant Cu > 0 only depends on k, p, · 0, ◊0

such that

----¸n

3
f‚· n,(Ÿ)

,‚◊n,(Ÿ)

4
≠ L0

1
f· 0,(Ÿ),◊0,(Ÿ)

2---- Æ Cu

A
log(n)

n

B1/2

, ’Ÿ œ [k0 ≠ 1]. (5.32)

As described in Equation (5.29), DSC is the combination of the two main ingredients:

log-likelihood and dendrogram information. For an intuitive explanation of how DSC

works, consider the following: at overfitted levels (Ÿ œ [k0 + 1, k]), the dendrogram

heights tend to 0 (as shown in Theorem 5.4), while the empirical average log-likelihood

remains nearly constant, approaching L0(f· 0,◊0) (as seen in Equation (5.30) - Lemma 5).

At the overfitted level, d(k0)
n ”= 0 (Theorem 5.4), while the empirical average log-

likelihood is not significantly di�erent from those at the overfitted levels (as seen in

Equation (5.30) and Equation (5.31) - Lemma 5). When it comes to the under-fitted

levels (Ÿ œ [k0 ≠ 1]), there is a significant drop in the log-likelihood function (as seen

in Equation (5.32) combining with the fact that L0(f· 0,(Ÿ),◊0,(Ÿ)) < L0(f· 0,◊0)), while

d(Ÿ)
n is getting larger (as in Theorem 5.4). By choosing appropriate tuning parameters,

DSC can capture this information and minimize the value at the exact fitted level.

We are now prepared to demonstrate the consistency of DSC in correctly selecting

the number of changepoints in the following theorem.

Theorem 5.5: Consistency theorem for DSC

Assume conditions (K1-K3). For any — > 0 and Ên such that 1 π Ên π

(n/ log n)1/2, we have kn æ k0 in probability, i.e, DSC is consistent.
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Data scaling problem and suggestion on choosing the tuning parameters of

DSC. When the data is on di�erent scales, the log-likelihood remains the same, but

the parameters ◊ will take on the scale of the data; this a�ects the DSC score because

its penalty term d(Ÿ)
n considers the di�erences between the parameters. For robustness

in computation DSC, the formula of DSC at the model with Ÿ segments is defined as

follows.

DSC(Ÿ)
n := ≠

S

WWU

1
d(Ÿ)

n

2—

maxŸÕœ[k]
1
d(ŸÕ)

n

2— + Ên

¸n

3
f‚· n,(Ÿ)

,‚◊n,(Ÿ)

4

----¸n

3
f‚· n,(k)

,‚◊n,(k)

4----

T

XXV , (5.33)

where — = 1/2, Ên = log(n) based on our experience in conducting experiments

(also as a suggestion in [31]). The maximal dendrogram height, maxŸÕœ[k]
1
d(ŸÕ)

n

21/2
,

and
----¸n

3
f‚· n,(k)

,‚◊n,(k)

4---- (which tends to
---L0(f· 0,◊0)

--- a.s.) are two rescaled terms for

the square root of the dendrogram height and the empirical average log-likelihood,

respectively. Theorem 5.5 still holds in this case since these two terms tend to

be constants with high probability as the sample size gets large (Theorem 5.4 and

Lemma 5).

Remark 1. Since DSC uses the dendrogram heights information, it cannot be separated

from the DPM algorithm. Therefore, whenever we mention DSC, we mean the DPM

algorithm is run beforehand. The DPM-DSC is used to indicate that we will initially

run the DPM algorithm for a maximum likelihood estimate (MLE) overfitted signal

function. This will give us a dendrogram containing all pruned and merged functions

and the associated dendrogram heights. We will then calculate the Dendrogram Selection

Criterion (DSC) at each pruned and merged step and select the segmentations associated

with the Dendrogram level that has the lowest DSC value.
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5.5 Experiments

In this section, we conducted experiments to test how the theory holds up in di�erent

situations. We also compared our proposed DSC in Equation (5.33) to popular criteria

used in the penalized approach and state-of-the-art methods in changepoint detection

problems. Finally, we demonstrated a practical application of our proposed method

using a real dataset.

All the experiments below were implemented in Python. We used the package

ruptures (see [128]) with either the dynamic programming (Dynp) or the Binary

Segmentation (BinSeg) methods to seek the MLE of parameters of the model. Recall

that the computational cost of the Dynp method is heavy (O(n2)). However, this

algorithm is well-known for guaranteeing global optimal solutions [8, 14, 125, 128].

With this in mind, when it comes to the exact solution for the optimal problems,

we used the Dynp method with a limited sample size range. For large sample-size

problems, we used the BinSeg method, which is well-known for its linear computational

cost (O(n log n)).

5.5.1 Synthetic data

Convergence rates

In this experiment, we illustrated the convergence rate of the signal function of the

estimated exact-fitted, over-fitted, and merged changepoint function to the truth (refer

to Theorem 5.2 and Theorem 5.3). The two-dimensional data was generated from a

normal mean multiple changepoint models with constant standard deviation being

‡ = 1, the true parameters · 0 = (0.25, 0.5, 0.75) and ◊0 = ([0, 0], [2, ≠1], [≠1, 1], [3, 2]).

We considered the natural logarithm of the sample size log(n) ranging from 5 to 8

(so that n ranges from 148 to 2980) and generated n samples from the true model.

We then overfitted the data by k = 6 segments (5 changepoints) models. The Dynp
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method was adopted to search for the MLE under both exact-fitted and over-fitted

setups. In the ruptures package, the associated cost function is called ci.i.d, and the

sum of this cost function is equal to the negative log-likelihood. We applied the DPM

algorithm (Algorithm 3) for the MLE overfitted function f·̂ o
n,◊̂

o
n

= f̂n to get the pruned

and merged function at the k0≠th level f·̂ m
n ,◊̂

m
n

= f
·̂ n,(k0),◊̂

n,(k0) in the dendrogram, then

measured the error of all estimators f·̂ o
n,◊̂

o
n
, f·̂ e

n,◊̂
e
n
, f·̂ m

n ,◊̂
m
n

to the true function f· 0,◊0 in

the distances defined in Equation (5.14). Each experiment was repeated 64 times, and

we plotted the average and quartile bar of the logarithm of the error in Figure 5.4(a).

The experiment showed that all cases shared the same fast convergence rate n≠1/2.

It is noticeable that the pruned and merged cases and the over-fitted cases achieved

faster convergence than the exact-fitted cases.

Furthermore, we designed the experiment to confirm the uniform convergent rates for

any true parameters of the models (only providing the actual number of changepoints

instead of fixing the true parameters of the model, i.e., · 0 and ◊0). This has been

supported by the results of Theorem 5.2 for the overfitted level where the constant

C does not depend on the true signal function f· 0,◊0 . However, we have not yet

had the theoretical results of these strong uniform convergence rates for the exact

fitted and the pruned and merged functions. Under this extra experiment, the two-

dimensional data was generated from a normal mean multiple changepoint model

with the actual number of segments being k0 = 4 (3 changepoints) and the constant

standard deviation being ‡ = 1. The simulated procedure was as follows: (p0
1, p0

2, p0
3, p0

4)

followed a uniform Dirichlet distribution with a constant concentration parameter

– = 1, · 0
j = qj

i=1 pi (· 0
4 = 1), ◊0

j followed an uniform distribution on an interval [≠5, 5]

for j = 1, .., 4. Similar to the previous experiment, we considered the natural logarithm

of the sample size log(n) ranging from 5 to 8 (so that n ranges from 148 to 2980)

and generated n samples from the true model. We then overfitted the data by k = 6
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(a) Convergence rates under the first setup with fixed · 0 =
(0.25, 0.5, 0.75), and ◊0 = ([0, 0], [2, ≠1], [≠1, 1], [3, 2])

(b) Convergence rates under the second setup with a fixed number
of changepoints being 3 and vary · 0, ◊0 at each replication and
each sample size.

Figure 5.4: Rates of convergence of overfitted (k = 6), exact-fitted (k = k0 = 4), and
pruned and merged (Ÿ = k0 = 4) signal functions.

segments (5 changepoints) models and applied the DPM algorithm (Algorithm 3) for

the MLE overfitted function f·̂ o
n,◊̂

o
n

= f̂n to get the pruned and merged function at the

k0≠th level f·̂ m
n ,◊̂

m
n

= f
·̂ n,(k0),◊̂

n,(k0) in the dendrogram, then measure the error of all

estimators f·̂ o
n,◊̂

o
n
, f·̂ e

n,◊̂
e
n
, f·̂ m

n ,◊̂
m
n

to the true function f· 0,◊0 in the distances defined in

Equation (5.14). Each experiment was repeated 64 times, and we plotted the average

and quartile bar of the logarithm of the error in Figure 5.4(b).
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The experiment showed that we still have the fast convergence rate n≠1/2 for

overfitted, exactfitted, pruned and merged signal functions. This suggests stronger

results on the convergence rate theory for Dendrogram, which should be considered in

future work.

Due to the heavy computation of the dynamic programming algorithm (O(n2)),

in this section, we reported the convergence rates when the sample size varies from

148 to 2980. For a wider range of sample sizes, we conducted an experiment detailed

in Appendix A, with sample sizes ranging from 100 to 10000, using the binary

segmentation (BinSeg) method to find MLEs. This method is well-known for its linear

computation cost. The results remain the same as reported in this section.

Comparision of DSC to di�erent information criteria

In this section, we set up two situations to compare DSC and some popular

information criteria used for the changepoint detection problem. The following criteria

were chosen as competitors to DSC:

Criterion Formula

Bayesian Information Criterion (BIC)
[141]

BIC = ≠2ˆ̧
k + [kr + k ≠ 1] log n

Akaike Information Criterion (AIC) [72] AIC = ≠2ˆ̧
k + 2[kr + k ≠ 1]

Modified Akaike Information Criterion
(mAIC) [102]

mAIC = ≠2ˆ̧
k + 2[kr + 3(k ≠ 1)]

Modified Bayesian Information Criteria mAIC = ≠2ˆ̧
k + 2[kr + 3(k ≠ 1)]

·mBIC1: [106],[21] ·mBIC1 = ≠2ˆ̧
k+

C
kr + 2

qk
i=1

3
·i ≠ ·i≠1 ≠ 1

k

42D
log n

·mBIC2: [144] ·mBIC2 = ≠2ˆ̧
k + 3(k ≠ 1) log n +

qk
i=1 log(·i ≠ ·i≠1)

Minimum Description Length (MDL)
[113],[94], [96]

MDL = ≠2ˆ̧
k + 2 log(k ≠ 1) + 2(k ≠ 1) log n +

r
qk

i=1 log(n·i ≠ n·i≠1)

where ≠2ˆ̧
k = ≠2 qk

Ÿ=1

5qn·i
j=n·i≠1+1 log p

3
yj|f‚· (Ÿ)

n ,‚◊(Ÿ)
n

(tj)
46

is the negative of the twice

maximum valued of the log-likelihood function, r is the number of free parameters in

each segment, and k is the number of segments. All these criteria were discussed in
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Section 3 of [50].

A. Simulation on di�erent sample sizes. Under this setup, the two-dimensional

data was generated from a normal multiple mean-shifted model with the actual number

of segments being 7 (6 changepoints) and the constant standard deviation being ‡ = 2.

We varied the decimal logarithm of the sample size log10(n) from 2 to 4 (so that n

ranges from 100 to 10000).

For the DSC approach, we overfitted the data by k = 11 and ran the BinSeg with

the ci.i.d cost function (similar to the previous experiment) to find the associated

MLE. For each sample size, the experiment was repeated 100 times. We then ran the

DPM algorithm for the MLE overfitted function f̂n to get the pruned and merged

functions f
·̂ n,(Ÿ),◊̂

n,(Ÿ) (Ÿ œ [k]) in the dendrogram. The DSC scores were calculated at

each pruned and merged step, and the segmentations with the lowest score value are

reported.

For all of the penalized cost function problems with the 6 mentioned criteria, we

ran BinSeg to find the minimum solutions for each of the corresponding penalized

cost functions listed at the beginning of Section 5.5.1 while considering the maximum

number of change points to search was 10.

Figure 5.5 shows that the proportion of correct choices (the number of times the

correct number of actual changepoints are detected out of 100 replications for each

sample size) for DSC increase from 57% to over 80% as the sample size n increases

from 300 (log10(n) = 2.5) to 10000 (log10(n) = 4). In contrast, other criteria have

this proportion below 60% for all considered sample sizes. The average choice number

of changepoints of DSC is around 5.75 (close to the number of true changepoints 6)

when log10(n) ranges from 2.5 to 4. Meanwhile, all six remaining criteria attempt

to overfit the model. Among these six criteria, BIC and mBIC1 demonstrate the

best performance; following that, MDL and mBIC2, and finally, mAIC and AIC.
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Notice that the BIC does not behave well even with a large sample size. It can be

explained since the classical BIC of Schwarz (1978) [119] setting does not theoretically

fit segmentation-related problems as mentioned in [144].

Figure 5.5: Simulations results on the di�erent sample sizes - Section 5.5.1A.: Com-
parison between DSC and information criteria AIC, BIC, mAIC, mBIC1, mBIC2,
mAIC, MDL in correct choice proportion and the average choices number of segments.
The number of actual changepoints is 6 (in a solid light pink line). We considered the
maximum value of the number of changepoints 10. Reran the experiments using the
binary segmentation method.

We chose the BinSeg method for running the experiment because of its linear

computational cost. Dynamic programming (Dynp) and PELT will be the preferred

choices for finding the exact solution for the optimization problems. However, Dynp

has O(n2) in computational cost. So, it is not a good option when running with a

large sample size (says n > 3000). To compare all criteria using the Dynp, we refer to

Appendix B, where we rerun the whole experiment but for a smaller sample size range.

The results remained the same as we report in this section. PELT is a well-known

method providing fast computation with the linear cost in best-case scenarios [109].

In the next experiment, we will use PELT to run the comparison.

B. Simulation on the di�erent number of changepoints. We reproduced one

of the experiments in [50] where, under the setup, the segment length generation

ensured at least 50 for each segment. In the previous experiment, the number of actual
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changepoints was fixed to be 6 while varying the changepoint locations and the sample

sizes. Allowing for cases where the segment length is small may discourage the usage of

BIC and its variants since the theoretical development of information-criterion-based

approaches was based on assuming the number of changepoints is fixed and the spacing

between consecutive changepoints is large (see [141], [9]). Aware of this phenomenon,

we followed the setup in [50] to ensure that we compare all criteria in their appropriate

context. Let the number of changepoints rise from 1 to 15, and the length of the k

segments was generated by

(L1, L2, ..., Lk) ≥ 50 + Multinomial(50 · k, p1, ..., pk),

where (p1, ..., pk) follows a uniform Dirichlet distribution with a constant concentration

parameter – = 1. The locations of changepoints were n·j = qj
i=1 Li for j = 1, ..., k

(n = qk
i=1 Li, ·k = 1). The mean shift pattern for the normally distributed time series

was as follows

(µ, ‡2) n·1æ (µ + �µ, ‡2) n·2æ (µ, ‡2) n·3æ (µ + �µ, ‡2) n·3æ (µ, ‡2) · · · .

As the paper suggests, we choose the fixed mean shift of � = 1.25, the initial mean

µ = 1, and ‡ = 1.

To measure the performance, we used three criteria: the precision rate, the recall

rate, and the ratio of changepoint numbers. Let k̂ ≠ 1, k ≠ 1, and k̃ ≠ 1 be the number

of detected changepoints, true changepoints, and correctly detected changepoints. If

the detected changepoint is located in the interval [n· ≠ 5, n· + 5], it is said to be a

correctly detected changepoint. The precision score is defined as

Precision Rate = k̃ ≠ 1
k̂ ≠ 1

.



123

The recall score is defined as

Recall rate = k̃ ≠ 1
k ≠ 1 ,

and the ratio of changepoint numbers is

Ratio = k̂ ≠ 1
k ≠ 1 .

We used the Pruned Exact Linear Time (PELT) [109] algorithm implemented in

the ruptures package with the customized cost functions for running the penalized

problem with six criteria AIC, BIC, mAIC, mBIC1, mBIC2 and MDL. The PELT

algorithm and Dynp are optimal detection methods for returning the exact solution

for changepoint detection problems [128]. In DPM-DSC, we overfit the model and

search for the associated MLE solution via the Dynp algorithm. Then, we apply

the pruning and merging procedure (DPM algorithm) and calculate DSC scores in

each pruning and merging step. Finally, we return the best segmentations with the

lowest DSC scores. For the choice of the overfitted number of segments, to save the

computational cost in running dynamic programming, we suggest using the number of

detected changepoints after running AIC or BIC as the suggestion for the overfitted

values. Since it is well known that both criteria have the same overestimation issue

[74, 75, 124, 144]. In this experiment, we used the number of detected changepoints

after running AIC as the overfitted value in running DPM-DSC.

Figure 5.6 shows the results of the Monte Carlo simulation with 100 times replication

in the precision rate, recall rate, and the ratio of changepoint numbers. The results

agree with the reported results in [50] with the six considered criteria. The precision

rates provided by BIC, mBIC1, mBIC2, mAIC, and DSC closely align with over

80% of the accurately identified points, exceeding the precision o�ered by AIC and
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Figure 5.6: Simulation results on the di�erent number of changepoints - Section 5.5.1B.

Comparison between DSC to information criteria AIC, BIC, mAIC, mBIC1, mBIC2,
mAIC, MDL in the precision rate (left), the recall rate (center), and the ratio of
changepoint numbers (right).

MDL. We can see the improvement in the precision rate of MDL when the number of

changepoints is increased. DSC has a competitive precision rate range from 0.86 to

0.9 when the number of changepoints rises from 1 to 15.

In terms of the recall rate, mBIC2 consistently yields the lowest value in all cases.

Its heavy penalty term of 3 log n on newly emerging changepoints can explain it. For

all other criteria, including DSC, the recall rates are mostly over 0.85.

Finally, by looking at the plot of the ratio of changepoint numbers, we can see how

AIC overfitted and MDL slightly underfitted the model while other criteria, including

DSC, accurately estimated the correct number of changepoints. It is evident that

DSC competes with BIC and mBIC1; the three criteria mostly align throughout the

increasing number of changepoints.

Exploring DPM-DSC with a di�erent kernel

This section will compare our proposed method to the Tail-Greedy Unbalanced

Haar (TGUH) method by [45], which belongs to the same class of bottom-up ideas as

our approach. Both methods are comparable in working on a univariate data sequence,

which is modeled as a piecewise-constant function plus i.i.d Gaussian noise (refer to an

experiment in Appendix C). To make another challenge to our algorithm, we generated
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data under the Poisson kernel. Poisson models are well-known for counting data,

where observations are non-negative integers (e.g., detecting changes in tra�c counts

[142], call rates, or failure rates in a system). In this experiment, the one-dimensional

data was simulated from a multiple changepoints model, with the number of segments

being 4 and the sample size n = 400. In each segment, the data points came from

an i.i.d Poisson(⁄). The lambda values in each segment were 1.14, 9.04, 1.26, and

4.36, respectively. We then ran DPM-DSC with the overfitted number of segments

being 11 and used the BinSeg method to find the minimum of the ci.i.d cost function

customized to work for the Poisson kernel. The computational costs for DPM-DSC

are then competitive compared to the TGUH method since we only run BinSeg once

for k = 11 segments, then apply our pruning and merging procedure with DSC to find

the best changepoint locations.

Regarding the Tail-Greedy Unbalanced Haar method implemented in breakfast

package in R, we run the breakfast()function on the simulated data. Figure 5.7 shows

the results where DPM-DSC successfully detects the correct number and locations

of changepoints. The Tail-Greedy Unbalanced Haar method returns 7 changepoints,

including 3 true changepoints. This can be explained since the author mentioned

that their current methods specifically support changes in the mean model with

i.i.d. Gaussian noise, assuming constant variance. Applying the change in the mean

model to the multiple changepoints with Poisson kernel data, where the variance

varies accordingly as the mean change, may reduce the e�ciency of detecting the true

changepoint locations.

Additionally, the breakfast package o�ers many di�erent state-of-the-art meth-

ods for detecting change-in-mean problem, including Isolated Detection method [2],

Narrowest-Over-Threshold (NOT) [9], Wild Binary Segmentation [44], and Wild

Binary Segmentation 2 [46].
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Figure 5.7: Comparision between DPM-DSC and methods provided by breakfast
package for a one-dimensional simulated data from a multiple changepoints model
with Poisson kernel. The green dashed lines represent the true changepoints, and the
red dashed lines represent the detected changepoints in each method.

Figure 5.7 shows reported results for all the listed methods. We can see the best

results belong to NOT, Tail-Greedy Unbalanced Haar, and Wild Binary Segmentation

with the 3 correctly detected changepoints over 7 detected changepoints.

This experiment demonstrates the importance of being able to choose a suitable

kernel in MLE methods when dealing with diverse types of data.

5.5.2 Real data experiment

In this section, we compared the detection performance of the information criteria

from the study by [50] with our approach using DPM-DSC when analyzing real datasets.

We examined the SCADA signals of wind turbines, which were the same datasets used
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in the previous study. Recognizing changes in wind turbine operation is essential for

identifying and addressing potential issues before they become serious. Additionally,

it provides valuable insights for planning routine inspections and maintenance. The

dataset was explored by [91] and [50] in detail.

There were 11 proposed SCADA signals of a wind turbine. The labeled changepoints

were included in the dataset for each of the signals. The original data was sampled at

a typical 10-minute resolution, after which the signals were averaged on a daily basis.

For comparison purposes, we chose one signal discussed in [50], which was the

nacelle temperature signal (collected from 1 January 2017 to 12 September 2018,

totaling 620 days), and another signal, the gear bearing temperature (collected from 1

January 2017 to 18 May 2019, totaling 868 days). We used the same assumption that

the time series followed a normal distribution and that both mean and variance could

change in the two signals.

Regarding the nacelle temperature signals, the positions of labeled changepoints

were at the 357th and 493rd observations. For the gear-bearing temperature, the

682nd was labeled as the changepoint.

According to the findings of Gao (2024), the changepoint detection algorithm

overfitted the signals when evaluated using six information criteria compared to the

labeled changepoints provided in the datasets.

In the nacelle temperature signals, the ratios of true changepoints over the total

detected changepoints were reported as 2/6 using AIC, 2/4 using BIC, 2/6 using

mAIC, 2/4 using mBIC1, 2/3 using mBIC2, and 2/4 using MDL. We reproduced the

experiment and compared it to the DPM-DSC approach (the overfit setup at k = 5

segments, which was the output from BIC) (Figure 5.8), where DSC returned the

correct number of changepoints and their estimated locations.

In the gear-bearing temperature signals with one labeled changepoint, the rates were
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Figure 5.8: Nacelle temperature signals with two labeled changepoints (in vertical
dashed green lines). The red dashed lines represent the estimated changepoint locations
associated with each information criterion.

1/12 using AIC, 1/7 using BIC, 1/12 using mAIC, 1/7 using mBIC1, 1/6 using mBIC2,

and 1/8 using MDL. We then ran the DPM-DSC with the overfitted model at k = 8

segments, as suggested by running BIC (Figure 5.9). It returned one changepoint,

and the associated location was close to the labeled changepoint.

5.6 Discussion

This chapter introduces the Dendrogram Pruning and Merging (DPM) algorithm,

a novel approach for multiple changepoint detection that is both computationally

e�cient and theoretically grounded. Without requiring repeated model fitting, DPM

constructs a binary tree of candidate changepoints, allowing for e�ective pruning and
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Figure 5.9: Gear bearing temperature signals with one labeled changepoint (in vertical
dashed green lines). The red dashed lines represent the estimated changepoint locations
associated with each information criterion.

merging in a single model pass. This significantly reduces computational cost while

maintaining high accuracy.

A key advantage of DPM is its flexibility—it seamlessly integrates with di�erent

kernel setups and extends to multi-dimensional data, making it a versatile tool for

complex segmentation tasks. Additionally, we propose the Dendrogram Selection

Criterion (DSC), which leverages hierarchical structure and parameter distances for

model selection. Theoretical guarantees ensure the consistency of our approach,

and empirical results demonstrate its competitive performance against widely used

information criteria. Details of the proofs are provided in Chapter 6.

These contributions o�er a scalable and adaptable solution for changepoint detection



130

across various applications. Future work may explore extensions to dependent data

structures or di�erent changepoint detection frameworks, such as detecting changes in

velocity discussed in Chapter 2, refine theoretical guarantees, and investigate hybrid

methods that further enhance e�ciency and robustness.

Appendix A: Rerun the convergence rate experiment

by using BinSeg algorithm

As discussed at the end of Section 5.5.1, we used the BinSeg method with the ci.i.d

cost function to find the MLE for over- and exact-fitted models. The two-dimensional

data were generated from a normal multiple mean-shifted model, with the actual

number of segments being 6 (5 changepoints) and the constant standard deviation

set to ‡ = 2. We then overfitted the data with k = 12. We considered the decimal

logarithm of the sample size, log1 0(n), ranging from 2 to 4 (so that n ranged from

100 to 10, 000). For each sample size, the experiment was repeated 64 times, and

we plotted the average and quartile bar of the decimal logarithm of the error in

Figure 5.10. We still observe the same convergence rate as reported in Section 5.5.1

Appendix B: Rerun an experiment on di�erent sam-

ple sizes by using the dynamic programming algo-

rithm

This experiment aims to compare information criteria using the dynamic program-

ming method. Since the computational cost for using Dynp is O(n2), we limited the

range of the sample size, such as the natural logarithm of it log(n), from 6 to 7.9

(so that n ranges from 403 to 2697). Under this setup, the two-dimensional data

was generated from a normal multiple mean-shifted model with the actual number of
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Figure 5.10: Rates of convergence of overfitted, exact-fitted, and merge signal functions
(experiment used the BinSeg method), k0 = 6, k = 12.

segments being 7 (6 changepoints) models and the constant standard deviation being

‡ = 2. We then overfitted the data by k = 11 and chose the dynamic programming

with the ci.i.d cost function to find the associated MLE. For each sample size, the

experiment was repeated 100 times. Applying the merging procedure in Section 5.3, we

pruned and merged the overfitted function f̂n to get the pruned and merged functions

f
·̂ n,(Ÿ),◊̂

n,(Ÿ) (Ÿ œ [k]) in the dendrogram. We then computed the DSC scores in each

pruning and merging step and report the segmentations with the lowest score value.

After the dynamic programming was executed with k = 11, it stored the best solutions

for the MLEs for all k = 1, ..., 11. We then chose among computed segmentations the

one that minimizes the penalized problem under each considered criterion. Figure 5.11

shows the reported results. The left panel shows the proportion of correct choices for

each criterion, representing the ratio of the times the correct number of changepoints
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was detected over 100 repetitions in each experiment. The right panel displays the

average number of changepoints chosen over 100 repetitions in each experiment. It

can be observed that while most of the criteria considered overfit the model, DSC

tends to select the correct number of changepoints as the sample size increases.

Figure 5.11: Simulations results on the di�erent number of changepoints: Comparison
between DSC and information criteria AIC, BIC, mAIC, mBIC1, mBIC2, mAIC, MDL
in correct choice proportion and the average choices number of segments. The number
of actual changepoints is 6 (in a solid light pink line). We consider the maximum
value of the number of changepoints to be 10. The experiments use the dynamic
programming method.

Appendix C: Comparision DPM-DSC to breakfast

options

In this section, we provided an example comparing our proposed method with DSC

to the algorithms available in the breakfast package, as discussed in Section 5.5.1, in

a context where all methods in the package were claimed to work e�ectively. We simu-

lated a univariate data sequence from a mean-shifted model with i.i.d. Gaussian noise,

containing 10 actual changepoints, a sample size of n = 400, and a constant ‡ = 2.

Figure 5.12 confirms the good performance of all algorithms, including the Isolated De-
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tection method, Narrowest-Over-Threshold (NOT), Wild Binary Segmentation, Wild

Binary Segmentation 2, and Tail-Greedy Unbalanced Haar. With fast computation,

they all correctly detected the number of changepoints and their locations.

Regarding DPM with DSC, we also obtained competitive results, correctly detecting

the number of changepoints and their locations. The computational cost was linear

since we used a one-time BinSeg method at the overfitted level k = 15 and then

merged the resulting dendrogram using our proposed procedure.

DSC

DSC
DSC

Figure 5.12: Comparision between DPM-DSC and methods provided by breakfast
package for a one-dimensional simulated data from a multiple changepoints model
with Gaussian kernel. The green dashed lines represent the true changepoints, and
the red dashed lines represent the detected changepoints in each method.
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Chapter 6

Theoretical Guarantees for the

DPM Algorithm

6.1 Proof of Section 5.2: Convergence rate of exact-

and over-fitted signal functions

The main goal of this section is to prove Theorem 5.2. We do it by applying the

empirical process theory [129] (Theorem 5.1) with the same idea that we prove the

similar result for CPLASS in Chapter 3. The key is to bound the Hellinger entropy

number of the family of the changepoint model distributions.

6.1.1 Proof of Lemma 2

Proof of Lemma 2. This is a direct consequence of condition (K1).

6.1.2 Proof of Theorem 5.2

For a true set of parameter (· 0, ◊0), denote for short p0 := (p(·|f· 0,◊0(i/n)))n
i=1. To

derive the convergence rate of the model under the Hellinger process, we aim to bound

the bracketing entropy of the model space and then use an application of empirical

process theory to yield the result.
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Proof of Theorem 5.2. The proof is divided into a few small steps.

Step 1. Showing convergence for densities in the Hellinger process.

We aim to bound the entropy of the class of densities corresponding to k≠pieces

piecewise constant functions.

HB(”) . log(n/”). (6.1)

In the following, we continue to use the technique [51] for our model.

Step 1.1. Covering the space of changepoint models with fixed changes

under ¸Œ norm. Suppose that the set of changes · = (·1, . . . , ·k≠1) œ T k≠1
ø fl

{1/n, 2/n, . . . , 1} and ◊ œ �k. Given ” > 0, because � is compact in Rm, for each

◊j œ Rm (j œ [k]), we can choose an ”-net (◊ij )N
ij=1 of � under ¸Œ norm with the

cardinality N ® (1/”)m. Consider the net

B = {(◊i1 , . . . , ◊ik
) : i1, . . . , ik œ [N ]} µ �k.

We have that |B| ® (1/”)km, and for every ◊ œ �k, there exists an element ◊̃ in B

that is ”-close to it under ¸Œ norm. For all j œ [k] and t œ [·j, ·j+1), we have

...f· ,◊(t) ≠ f· ,◊̃(t)
...

Œ
=

...◊j ≠ ◊̃j

...
Œ

Æ ”.

Hence,
...f· ,◊(t) ≠ f· ,◊̃(t)

...
Œ

Æ k” ’t œ [0, 1]. Using condition (K2), it implies

sup
yiœRd

|p(yi|f· ,◊(i/n) ≠ p(yi|f· ,◊̃(i/n)| . k”, ’i œ [n].

Step 1.2. Covering the space of changepoint models with fixed changes

under the Hellinger distance (with bracketing). For every Á > 0, from the

previous step, we have collection of densities {pj}N
j=1 with pj = (pj1, . . . , pjn) on Yn,
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the associated parameters are in B and N ® (k/Á)km such that for every ◊ œ �k,

there exists a pj satisfying

sup
yiœRd

|p(yi|f· ,◊(i/n)) ≠ pji(yi)| . Á, ’i œ [n]. (6.2)

Moreover, we have the parameters of pij are in a compact space � µ Rm for all

i œ [n], j œ [N ]. Hence, we can find an upper bound (envelop)

H(y) =

Y
___]

___[

d1 exp(≠d2 ÎyÎd3), ÎyÎ Ø D,

sup◊ Îp(·|◊)ÎŒ , otherwise
(6.3)

of pij(y) for all j œ [N ] and i œ [n], for some constants d1, d2, D > 0. We can construct

brackets [pL
j , pU

j ] with pU
j = (pU

j1, . . . , pU
jn) and pL

j = (pL
j1, . . . , pL

jn) as following"

pL
ji(y) = max{pji(y) ≠ Á, 0},

pU
ji(y) = min{pji(y) + Á, H(y)}

With this construction, (6.2) implies

pL
ji(yi) Æ p(yi|f· ,◊(ti)) Æ pU

ji(yi) ’yi œ Rd, i œ [n]. (6.4)

Therefore, this collection of brackets satisfies condition (ii) in the Definition 5.1 of

covering with bracketing. We now check condition (i). For any j, i and D̄ Ø D,

⁄

Rd
(pU

ji ≠ pL
ji)dy Æ

⁄

ÎyÎÆD
2Ády +

⁄

ÎyÎØD
H(y)dy

. ÁD
d + D

d exp
1
≠b2D

d3
2

, (6.5)
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where we use spherical coordinates to have

⁄

ÎyÎÆD
dx = fid/2

�(d/2 + 1)D
d . D

d
,

and

⁄

ÎyÎØD
exp

1
≠d2 ÎyÎd3

2
.

⁄

rØD
rd≠1 exp

1
≠d2r

d3
2

dr

= 1
d3d

1/d3
2

⁄ Œ

D
d3

ud/d3≠1 exp(≠u)du (with u = d2r
d3)

Æ 1
d3d

1/d3
2

D
d≠d3 exp(≠D

d3).

Hence, in (6.5), choosing D = D(log(1/Á))1/d3 gives

⁄

Rd
(pU

ji ≠ pL
ji)dy . Á

3
log

31
Á

44d/d3

. (6.6)

Moreover, denote p0
i = p(yi|f· 0,◊0(i/n)) the density of yi under the true model. Because

pU
ji Ø pL

ji, we have

h2
A

pU
ji + p0

i

2 ,
pL

ji + p0
i

2

B

=
⁄

Rd

Q

a

Û
pU

ji + p0
i

2 ≠

Û
pL

ji + p0
i

2

R

b
2

dy

Æ
⁄

Rd

A
pU

ji + p0
i

2 ≠
pL

ji + p0
i

2

B

dy

= 1
2

⁄

Rd
(pU

ji ≠ pL
ji)dy

. Á
3

log
31

Á

44d/d3

.

Therefore,

hn

Q

apU
j + p(n)

0
2 ,

pL
j + p(n)

0
2

R

b . Á1/2(log(1/Á))
d

2d3 .
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Therefore, there exists a positive constant c which does not depend on Á such that

HB(cÁ1/2 log(1/Á)
d

2d3 ) Æ log N . k log(1/Á).

Let ” = cÁ1/2(log(1/Á))
d

2d3 , we have log(1/”) ® log(1/Á), which leads to

HB(”) . k log(1/”),

for all ” su�ciently small.

Step 1.3. Aggregate changepoints.

Because there are
1

n
k

2
ways to choose k changepoints among n data points, the

covering number with bracketing of the whole model can be bounded as

NB(”) .
A

n

k

B

(1/”)k Æ
3

n

”

4k

.

Hence, the entropy number with bracketing of the whole model can be bounded as

HB(”) . k log
3

n

”

4
.

We finished showing that HB(”) . log(n/”), where the constant in this inequality

can depend on �, p, and k (but not n and ”).

Step 2. Application of Theorem 5.1. Since log(n/u) is a non-increasing function

of u, we have

JB(”) Æ
⁄ ”

”2/c0
(C log(n/u))1/2du ‚ ”

Æ C1/2”

A

log n

(”2/c0)

B1/2

Æ wk”(log(n/”))1/2,
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for all ” small enough, for some constant wk only depends on � and k. Hence,

for �(”) = wk”(log(n/”))1/2, we have �(”)/”2 is a non-increasing function, and let

”n = max{1, 2cwk}(log n/n)1/2, we have

c�(”n) = cwk”n(log(n/”n))1/2 Æ ”n ◊ (2cwk(log(n))1/2) Æ ”2
n

Ô
n.

Substitute ” = ”n to the conclusion of Theorem 5.1, we have

P
3

hn

3
p(n)

‚· n
,‚◊n , p(n)

·0,◊0

4
Ø max{1, 2cwk}(log n/n)1/2

4
Æ c exp

1
≠(max{1, 2cwk})2 log(n)/c2

2

Æ c1n
≠c2 ,

where wk depends on � and k only, and c1 = c and c2 = 1/c2 are universal constants.

Step 3. Derive convergence for parameters in the empirical average distance.

From Lemma 2, we have that

...f
·̂n,‚◊n ≠ f·0,◊0

...
n

® hn

3
p(n)

‚· n
,‚◊n , p(n)

·0,◊0

4
.

Therefore,

P
Q

a
...f

·̂n,‚◊n ≠ f·0,◊0

...
n

Æ C

A
log n

n

B1/2R

b Ø 1 ≠ c1n
≠c2 ,

where C is a constant that only depends on kernel p, parameter space � and k, and

c1 and c2 are universal constants.

Proof of Lemma 2. This is a direct consequence of condition (K1).
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6.2 Proof of Section 5.3: Convergence rates of

parameters arising from DPM of over-fitted

signal functions

This section provides proofs for Proportion 1 (see Section 6.2.1), Lemma 3, Lemma 4,

Theorem 5.3 (see Section 6.2.4), and Theorem 5.4 (see Section 6.2.5).

In the proofs of Lemma 3 and Lemma 4, we will work with a sequence of signal

functions f· n,◊n œ Fk(�) whose the empirical L2 risk satisfies the following condition:

...f· n,◊n ≠ f· 0,◊0

...
2

n
=

k0,kÿ

i,j=1
pij

...◊n
j ≠ ◊0

i

...
2 . ‘2

n, (6.7)

where f· 0,◊0 œ Fk0(�), k > k0, ‘n
næŒ≠≠≠æ 0, pij =

---[· 0
i≠1, · 0

i ) fl [·n
j≠1, ·n

j )
---1, i œ [k0],

j œ [k], · 0
0 = ·n

0 = 0, and · 0
k0 = ·n

k = 1. We have qk
j=1 pij = p0

i ,
qk0

i=1 pij = pn
j , where

p0
i = · 0

i ≠ · 0
i≠1 and pn

j = ·n
j ≠ ·n

j≠1.

Equation (6.7) implies that

pij

...◊n
j ≠ ◊0

i

...
2 . ‘2

n, and pi(j+1)
...◊n

j+1 ≠ ◊0
i

...
2 . ‘2

n. (6.8)

For visualization purposes, we will use the plots illustrated in Figure 6.1 in proofs where

the locations of k0 ≠ 1 changepoints associated with f· 0,◊0 , and k ≠ 1 changepoints

associated with f· n,◊n are determined. In particular, when the changepoint positions

are specified as cases, these plots are helpful for calculating the empirical L2 risk, as

shown in the proof of Lemma 3 and Lemma 4. Figure 6.1 gives an example of how

we read these plots. The red line contains k0 ≠ 1 changepoint locations associated

with f· 0,◊0 with indices i0 œ [k0]. The blue line contains k ≠ 1 changepoint locations

1the notation |[a, b)| = b ≠ a
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associated with f· n,◊n with indices j œ [k], and jú is the index of the changepoint that

needs to be pruned. The green line contains the k ≠ 2 changepoint locations after

applying the pruning and merging procedure on f· n,◊n with indices j(k≠1) œ [k ≠1]. An

interval between two dashed arrows indicates the intersection between a true segment

and an overfitted or pruned and merged segment. Between each intersection, there are

corresponding true parameters ◊0 and parameters ◊n. For example, if ·n
jú≠1 < · 0

i0 <

·n
jú < · 0

i0+1 (Figure 6.1), then pi0+1,jú =
---[· 0

i0 , · 0
i0+1) fl [·n

jú≠1, ·n
jú)

--- =
---[· 0

i0 , ·n
jú)

--- = ·n
jú ≠· 0

i0 .

When t œ [· 0
i0 , ·n

jú), the associated true parameter is f· 0,◊0(t) = ◊0
i0+1 and the estimated

parameter is f· n,◊n(t) = ◊n
jú . We then have the term pi0+1,jú

...◊n
jú ≠ ◊0

i0+1

...
2

is part of

the calculation of
...f· n◊n ≠ f· 0,◊0

...
2

n
.

Figure 6.1: Visualization plot for computing the empirical L2 risk.

6.2.1 Proof of Proposition 1

Proof of Proposition 1. We separate this proof into three steps.

Step 1. Proof by construction. We first start with an arbitrary f· Õ,◊Õ œ FÆ(k≠1)(�)

and iterative show that there exist a better solutions of Equation (5.19) and stop at

f·̃ ,◊̃. Denote · Õ = (· Õ
1, . . . , · Õ

k≠2), · Õ
0 = 0, · Õ

k≠1 = 1, and ◊Õ = (◊Õ
1, . . . , ◊Õ

k≠1)
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Step 2. Optimal · Õ. We will separate this step into proving the two following claims.

Firstly, we will prove the claim that · Õ must be a subset of · to achieve the optimal

solution in Equation (5.19). Then, we will show that this optimal · Õ must contain

k ≠ 2 distinct changepoints.

Claim 1: · Õ must be a subset of · in order to achieve the optimal solution

in Equation (5.19)

Proof of the claim

Indeed, if there exists · Õ
i œ (·j, ·j+1), we consider the positions of · Õ

i+1 and · Õ
i≠1. If

· Õ
i+1 also belongs to (·j, ·j+1), a better solution can be achieved by letting ◊Õ

i+1 = ◊j+1,

· Õ
i = ·j, and · Õ

i+1 = ·j+1. Similarly, a better solution also exists if · Õ
i≠1 œ (·j, ·j+1).

Hence, we are left with the case · Õ
i≠1 Æ ·j < · Õ

i < ·j+1 Æ · Õ
i+1. The loss function (5.19),

as an integral, when restricting to the interval [·j, ·j+1], equals

⁄ ·j+1

·j

...f· ,◊(t) ≠ f· Õ,◊Õ(t)
...

2
dt = (· Õ

i ≠·j) Î◊Õ
i ≠ ◊j+1Î2 +(·j+1 ≠· Õ

i)
...◊Õ

i+1 ≠ ◊j+1
...

2
. (6.9)

Hence, if Î◊Õ
i ≠ ◊j+1Î2 Ø

...◊Õ
i+1 ≠ ◊j+1

...
2
, a better solution can be achieved by letting

· Õ
i = ·j, and otherwise by letting · Õ

i = ·j+1. It finishes the proof of the first claim.

Claim 2: The optimal · Õ must contain k ≠ 2 distinct changepoints.

Proof of the claim

We will prove this claim by contradiction. Assuming there is an optimal · Õ with

k ≠ 3 distinct changepoints, we proved that · Õ must be a subset of · (as in Claim 1).

Without loss of generality (WLOG), we assume that · Õ
1 = ·1, . . . , · Õ

j≠1 = ·j≠1, · Õ
j =

·j+1, . . . , · Õ
jj≠2 = ·jj≠1, · Õ

jj≠1 = ·jj+1, . . . , · Õ
k≠3 = · Õ

k≠1, and · Õ
0 = ·0 = 0,· Õ

k≠2 = ·k = 1
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(see Figure 6.2). The loss function (5.19) equals:

⁄ 1

0

...f· ,◊(t) ≠ f· Õ,◊Õ(t)
...

2
dt = (·j ≠ ·j≠1)

...◊Õ
j ≠ ◊j

...
2

+ (·j+1 ≠ ·j)
...◊Õ

j ≠ ◊j+1
...

2

+ (·jj ≠ ·jj≠1)
...◊Õ

jj≠1 ≠ ◊jj

...
2

+ (·jj+1 ≠ ·jj)
...◊Õ

jj≠1 ≠ ◊jj+1
...

2
.

(6.10)

Figure 6.2: Illustration for the proof of Claim 2.

There always exists a · ÕÕ with k ≠ 2 changepoints that is better than · Õ. Indeed, let

· ÕÕ
1 = · Õ

1 = ·1, . . . , · ÕÕ
j≠1 = · Õ

j≠1 = ·j≠1, · ÕÕ
j = · Õ

j = ·j+1, . . . , · ÕÕ
jj≠2 = · Õ

jj≠2 = ·jj≠1, · ÕÕ
jj≠1 =

·jj, · ÕÕ
jj = · Õ

jj≠1 = ·jj+1, . . . , · ÕÕ
k≠2 = · Õ

k≠3 = ·k≠1, · ÕÕ
0 = 0, · ÕÕ

k≠1 = 1, and ◊ÕÕ
j = ◊Õ

j. The

loss function (5.19) are now:

⁄ 1

0

...f· ,◊(t) ≠ f· ÕÕ,◊ÕÕ(t)
...

2
dt = (·j ≠ ·j≠1)

...◊Õ
j ≠ ◊j

...
2

+ (·j+1 ≠ ·j)
...◊Õ

j ≠ ◊j+1
...

2
. (6.11)

It is clear that
...f· ,◊ ≠ f· Õ,◊Õ

...
2

L2
>

...f· ,◊ ≠ f· ÕÕ,◊ÕÕ

...
2

L2
. Therefore, we cannot say · Õ is

an optimal solution in this case, which contradicts the assumption we make at the

beginning of the proof of this claim.

We can use the same argument to show the contradiction to any case with a number

of changepoints less than k ≠ 2. This finishes the proof of the second claim.

Step 3. Optimal ◊Õ. Hence, (k ≠ 2) elements in · Õ all belong to · . WLOG,

assume · Õ
1 = ·1, . . . , · Õ

j≠1 = ·j≠1, · Õ
j = ·j+1, . . . , · Õ

k≠2 = ·k≠1, and we also denote
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·0 = · Õ
0 = 0, · Õ

k≠1 = ·k = 1. From here, we deduce that the optimal ◊Õ is

◊Õ
1 = ◊1, . . . , ◊Õ

j≠1 = ◊j≠1, ◊Õ
j+1 = ◊j+2, . . . , ◊Õ

k≠1 = ◊k.

It leaves with finding optimal ◊Õ
j. The objective function in (5.19) becomes

(·j ≠ ·j≠1)
...◊Õ

j ≠ ◊j

...
2

+ (·j+1 ≠ ·j)
...◊Õ

j ≠ ◊j+1
...

2
.

Hence, the optimal solution is

◊Õ
j = ·j ≠ ·j≠1

·j+1 ≠ ·j≠1
◊j + ·j+1 ≠ ·j

·j+1 ≠ ·j≠1
◊j+1 = ◊ú

j ,

and the choice of optimal j is specified as the merging procedure, as jú.

Prove djú =
...f· ,◊ ≠ f·̃ ,◊̃

...
L2

. From the previous steps, the optimal ◊̃ and ·̃ are

·̃ = (·1, . . . , ·jú≠1, ·jú+1, . . . , ·k≠1) and ◊̃ = (◊1, . . . , ◊jú≠1, ◊ú
jú , ◊jú+2, . . . , ◊k),

(6.12)

where ◊ú
jú = ·jú ≠ ·jú≠1

·jú+1 ≠ ·jú≠1
◊jú + ·jú+1 ≠ ·jú

·jú+1 ≠ ·jú≠1
◊jú+1. The L2 norm of the di�erence

between the true signal functions becomes:

⁄ 1

0

...f· ,◊(t) ≠ f·̃ ,◊̃(t)
...

2
dt =

⁄ ·jú+1

·jú≠1

...f· ,◊(t) ≠ f·̃ ,◊̃(t)
...

2
dt

= (·jú ≠ ·jú≠1)
...◊ú

jú ≠ ◊jú

...
2

+ (·jú+1 ≠ ·jú)
...◊ú

jú ≠ ◊jú+1
...

2
,

= (·jú ≠ ·jú≠1)
.....

·jú ≠ ·jú+1
·jú+1 ≠ ·jú≠1

◊jú + ·jú+1 ≠ ·jú

·jú+1 ≠ ·jú≠1
◊jú+1

.....

2

+ (·jú+1 ≠ ·jú)
.....

·jú ≠ ·jú≠1
·jú+1 ≠ ·jú≠1

◊jú + ·jú≠1 ≠ ·jú

·jú+1 ≠ ·jú≠1
◊jú+1

.....

2

= (·jú ≠ ·jú≠1)(·jú+1 ≠ ·jú)2

(·jú+1 ≠ ·jú≠1)2 Î◊jú ≠ ◊jú+1Î2 + (·jú+1 ≠ ·jú)(·jú ≠ ·jú≠1)2

(·jú+1 ≠ ·jú≠1)2 Î◊jú ≠ ◊jú+1Î2

= (·jú ≠ ·jú≠1)(·jú+1 ≠ ·jú)
·jú+1 ≠ ·jú≠1

Î◊jú ≠ ◊jú+1Î2 = d2
jú . (6.13)
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6.2.2 Proof of Lemma 3

Proof of Lemma 3. We will prove this lemma by contradiction. For simplicity, we will

use the notation ·n
j instead of ·n

jn
. Let us assume that there exist i0 œ {1, ..., k0 ≠ 1}

such that there does not exist any sequence of ·n
j (for j œ [k ≠ 1], ·n

0 = 0, ·n
k = 1)

converging to · 0
i0 with rate ‘2

n, i.e., |·n
j ≠ · 0

i0|/‘2
n

næŒ≠≠≠æ Œ (i0 œ [k0 ≠ 1], · 0
0 = 0, · 0

k0 = 1)

for all j œ [k ≠ 1]. We would like to show that this assumption will never happen

under the setup of the Lemma 3. For simplicity, we call this assumption (C1).

Indeed, we consider the following three cases.

Case 1: All ·n
j > · 0

i0 for j œ [k]. This implies that ·n
1 > · 0

i0 . Refer to (6.8), we

have that |· 0
i0 ≠ · 0

i0≠1|Î◊n
1 ≠ ◊0

i0Î2 . ‘2
n.

On the one hand, since |· 0
i0 ≠ · 0

i0≠1| is a constant,
the above equation implies Î◊n

1 ≠ ◊0
i0Î2 . ‘2

n.

It means that Î◊n
1 ≠ ◊0

i0Î næŒ≠≠≠æ 0. Together with the assumption that ◊0
i0 ”= ◊0

i0+1, this

concludes

Î◊n
1 ≠ ◊0

i0+1Î ”æ 0, (6.14)

and thereby, · 0
i0 < ·n

1 < · 0
i0+1.

On the other hand, |·n
1 ≠ · 0

i0|/‘2
n

næŒ≠≠≠æ Œ (by (C1)) and |·n
1 ≠ · 0

i0|Î◊n
1 ≠◊0

i0+1Î2 . ‘2
n

(refer to (6.8)) imply Î◊n
1 ≠ ◊0

i0+1Î
næŒ≠≠≠æ 0. This implication contradicts the conclusion

in (6.14). Therefore, under this circumstance, it has been proven that (C1) will not

occur.

Case 2: All ·n
j < · 0

i0 for j œ [k]. This implies that ·n
k≠1 < · 0

i0 .
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We have |· 0
i0+1 ≠ · 0

i0|
...◊0

i0+1 ≠ ◊n
k

...
2 . ‘2

n (refer to

(6.8)) implying
...◊0

i0+1 ≠ ◊n
k

...
2 . ‘2

n. This means
...◊n

k ≠ ◊0
i0

... ”æ 0, (6.15)

therefore, · 0
i0≠1 < ·n

k≠1 < · 0
i0 .

However, the assumption (C1) |· 0
i0 ≠·n

k≠1|/‘2
n

næŒ≠≠≠æ Œ and |· 0
i0 ≠·n

k≠1| Î◊n
k ≠ ◊0

i0Î2 .

‘2
n (refer to (6.8)) imply Î◊n

k ≠ ◊0
i0Î næŒ≠≠≠æ 0 (contradict (6.15)). Hence, we also show

that (C1) will not occur in this case.

Case 3. There exists j œ [k] such that ·n
j≠1 < · 0

i0 < ·n
j . On the one

hand, we have |· 0
i0 ≠ ·n

j≠1|/‘2
n

næŒ≠≠≠æ Œ and
|· 0

i0 ≠ ·n
j≠1|

...◊n
j ≠ ◊0

i0

...
2 . ‘2

n (refer to (6.8)) im-
ply

...◊n
j ≠ ◊0

i0

... næŒ≠≠≠æ 0. On the other hand,
|·n

j ≠· 0
i0 |/‘2

n
næŒ≠≠≠æ Œ and |·n

j ≠· 0
i0|Î◊n

j ≠◊0
i0+1Î2 .

‘2
n (refer to (6.8)) imply Î◊n

j ≠ ◊0
i0+1Î

næŒ≠≠≠æ 0.
Since ◊0

i0 ”= ◊0
i0+1, we clearly see a contradiction

in this case. Therefore, (C1) is not possible to
occur.

We finish proving Lemma 3.

6.2.3 Proof of Lemma 4

The next lemma (Lemma 4) shows the stability of the convergence rate of signal

functions under merging: At all the Ÿ levels where k Ø Ÿ Ø k0, the merged function

of an estimate must have the same convergence rate as itself.

Proof of Lemma 4. We only need to show that for all k Ø k0 + 1 and the associated

signal function f· n,(k),◊n,(k) such that
...f· n,(k),◊n,(k) ≠ f· 0,◊0

...
n
. ‘n, then

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
Æ

...f· n,(k),◊n,(k) ≠ f· 0,◊0

...
2

n
+ wk‘2

n. (6.16)
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The rest follows from the induction argument. Since the di�erence between each

merging step mainly occurs at the merged changepoint location ·n
jú , we will focus

on the three consecutive changepoints as following ·n
jú≠1, ·n

jú , ·n
jú+1 and address all of

possible cases among these locations while doing the merging procedure.

From now on, in terms of the indices, i0 is used for the index of the changepoints

associated with f· 0,◊0 (1 Æ i0 Æ k0 ≠ 1), j is used for the index of changepoints

associated with f· n,◊n (1 Æ j Æ k ≠ 1), jú is the index associated to the merging

position, j(k≠1) is for the index of the merged changepoints at the (k ≠ 1)th-level of

the dendrogram (1 Æ j(k≠1) Æ k ≠ 2).

Case 1: |·n
jú ≠ · 0

i0 | . ‘2
n (for some i0 œ [k0 ≠ 1]). There are three sub-cases under

this circumstance.

Case 1.1: |·n
jú≠1 ≠ · 0

i0 | . ‘2
n and |·n

jú ≠ · 0
i0| . ‘2

n. WLOG, we assume ·n
jú≠1 < · 0

i0 <

·n
jú < ·n

jú+1 Æ · 0
i0+1 (see Figure 6.3). In this case, we have

...f· n,◊n ≠ f· 0,◊0

...
2

n
= {·} + pi0jú

...◊n
jú ≠ ◊0

i0

...
2

+ p(i0+1)jú

...◊n
jú ≠ ◊0

i0+1

...
2

+ p(i0+1)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+1

...
2

, (6.17)
...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
= {·} + pi0jú

...◊ú
jú ≠ ◊0

i0

...
2

+ (p(i0+1)jú + p(i0+1)(jú+1))
...◊ú

jú ≠ ◊0
i0+1

...
2

, (6.18)

where ◊ú
jú =

(pi0jú + p(i0+1)jú)◊n
jú + p(i0+1)(jú+1)◊n

jú+1
pi0jú + p(i0+1)jú + p(i0+1)(jú+1)

and {·} for representing the same

terms in both equations (6.17) and (6.18).

Due to the convexity of Î·Î2, we have

1
pi0jú + p(i0+1)jú + p(i0+1)(jú+1)

2 ...◊ú
jú ≠ ◊0

i0+1

...
2

Æ pi0jú

...◊n
jú ≠ ◊0

i0+1

...
2

+ p(i0+1)jú

...◊n
jú ≠ ◊0

i0+1

...
2

+ p(i0+1)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+1

...
2

(6.19)

In the inequality (6.19), we ±pi0jú

...◊ú
jú ≠ ◊0

i0

...
2

+ {·} to the left hand side of it and
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Figure 6.3: Illustration for Case 1.1.

±pi0jú

...◊n
jú ≠ ◊0

i0

...
2

+ {·} to the right hand side of it, we have

pi0jú

3...◊ú
jú ≠ ◊0

i0+1

...
2

≠
...◊ú

jú ≠ ◊0
i0

...
24

+
...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n

Æ pi0jú

3...◊n
jú ≠ ◊0

i0+1

...
2

≠
...◊n

jú ≠ ◊0
i0

...
24

+
...f· n,◊n ≠ f· 0,◊0

...
2

n
(6.20)

Using the assumption that pi0jú . ‘2
n, and the compactness of �, we have

pi0jú

3...◊n
jú ≠ ◊0

i0+1

...
2

≠
...◊n

jú ≠ ◊0
i0

...
2

≠
...◊ú

jú ≠ ◊0
i0+1

...
2

+
...◊ú

jú ≠ ◊0
i0

...
24

Æ wk‘2
n

for some constant wk depending on f· 0,◊0 , k and �. This implies

...f· n,◊n ≠ f· 0,◊0

...
2

n
Ø

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
≠ wk‘2

n. (6.21)

A similar argument can be used to show the same conclusion for the cases where

·n
jú≠1 < ·n

jú < · 0
i0 < ·n

jú+1 Æ · 0
i0+1, · 0

i0 < ·n
jú≠1 < ·n

jú < ·n
jú+1 Æ · 0

i0+1, ·n
jú≠1 < ·n

jú <

· 0
i0 < · 0

i0+1 Æ ·n
jú+1 and · 0

i0 < ·n
jú≠1 < ·n

jú << · 0
i0+1 Æ ·n

jú+1.

Case 1.2: |·n
jú ≠ · 0

i0+1| . ‘2
n and |·n

jú+1 ≠ · 0
i0+1| . ‘2

n. WLOG, we assume that

· 0
i0 Æ ·n

jú≠1 < ·n
jú < · 0

i0+1 < ·n
jú+1 (see Figure 6.4).
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In this case, we have

...f· n,◊n ≠ f· 0,◊0

...
2

n
= {·} + p(i0+1)jú

...◊n
jú ≠ ◊0

i0+1

...
2

+ p(i0+1)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+1

...
2

+ p(i0+2)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+2

...
2

, (6.22)
...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
= {·} + (p(i0+1)jú + p(i0+1)(jú+1))

...◊ú
jú ≠ ◊0

i0+1

...
2

+ p(i0+2)(jú+1)
...◊ú

jú ≠ ◊0
i0+2

...
2

, (6.23)

where ◊ú
jú =

p(i0+1)jú◊n
jú +

1
p(i0+1)(jú+1) + p(i0+2)(jú+1)

2
◊n

jú+1

p(i0+1)jú + p(i0+1)(jú+1) + p(i0+2)(jú+1)
and {·} for representing

the same terms in both equations (6.22) and (6.23).

Figure 6.4: Illustration for Case 1.2.

Due to the convexity of Î·Î2, we have

1
p(i0+1)jú + p(i0+1)(jú+1) + p(i0+2)(jú+1)

2 ...◊ú
jú ≠ ◊0

i0+1

...
2

Æ p(i0+1)jú

...◊n
jú ≠ ◊0

i0+1

...
2

+ p(i0+1)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+1

...
2

+ p(i0+2)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+1

...
2

(6.24)

In the inequality (6.24), we ±p(i0+2)(jú+1)
...◊ú

jú ≠ ◊0
i0+2

...
2

+ {·} to the left hand side



150

of it and ±p(i0+2)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+2

...
2

+ {·} to the right hand side of it, we have

p(i0+2)(jú+1)

3...◊ú
jú ≠ ◊0

i0+1

...
2

≠
...◊ú

jú ≠ ◊0
i0+2

...
24

+
...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n

Æ p(i0+2)(jú+1)

3...◊n
jú+1 ≠ ◊0

i0+1

...
2

≠
...◊n

jú+1 ≠ ◊0
i0+2

...
24

+
...f· n,◊n ≠ f· 0,◊0

...
2

n
(6.25)

Using the assumption that p(i0+2)(jú+1) . ‘2
n, and the compactness of �, we have

p(i0+2)(jú+1)

3...◊n
jú+1 ≠ ◊0

i0+1

...
2

≠
...◊n

jú+1 ≠ ◊0
i0+2

...
2

≠
...◊ú

jú ≠ ◊0
i0+1

...
2

+
...◊ú

jú ≠ ◊0
i0+2

...
24

Æ wk‘2
n

for some constant wk depending on f· 0,◊0 , k and �. This implies

...f· n,◊n ≠ f· 0,◊0

...
2

n
Ø

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
≠ wk‘2

n. (6.26)

A similar argument can be used to show the same conclusion for the cases where

· 0
i0 Æ ·n

jú≠1 < ·n
jú < ·n

jú+1 < · 0
i0+1, · 0

i0 Æ ·n
jú≠1 < · 0

i0+1 < ·n
jú < ·n

jú+1,·n
jú≠1 Æ · 0

i0 <

· 0
i0+1 < ·n

jú < ·n
jú+1 and ·n

jú≠1 Æ · 0
i0 < ·n

jú < ·n
jú+1 < · 0

i0+1 .

Case 1.3: ·n
jú is the only changepoint that converges to · 0

i0 with the rate ‘2
n.

We want to show that this case is not possible. We will prove this by the contradiction

method. Let’s assume that there is only one changepoint in {·n
j }k≠1

j=1 , say ·n
jú , that

converges to · 0
i0 with the rate ‘2

n. WLOG, we assume that ·n
jú < · 0

i0 (see Figure 6.5).

We have |·n
jú ≠· 0

i0| . ‘2
n, |·n

jú≠1 ≠· 0
i0 | ∫ ‘2

n and |·n
jú+1 ≠· 0

i0| ∫ ‘2
n. These imply pjú ∫ ‘2

n

and pjú+1 ∫ ‘2
n. It leads to

...◊n
jú+1 ≠ ◊0

i0

... næŒ≠≠≠æ 0 and
...◊n

jú+1 ≠ ◊0
i0+1

... næŒ≠≠≠æ 0. Since

◊0
i0 ”= ◊0

i0+1, we have
...◊n

jú ≠ ◊n
jú+1

... ”æ 0. By the pruning and merging procedure rule

and Theorem 5.2, we always have that

...f· n,(k≠1),◊n,(k≠1) ≠ f· n,◊n

...
2

n
Æ

...f· n,◊n ≠ f· 0,◊0

...
2

n
. ‘2

n, (6.27)
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where
...f· n,(k≠1),◊n,(k≠1) ≠ f· n,◊n

...
2

n
= pjúpjú+1

pjú + pjú+1

...◊n
jú ≠ ◊n

jú+1

...
2

(by Proposition 1). Since
pjúpjú+1

pjú + pjú+1
>

1
2 min{pjú , pjú+1} ∫ ‘2

n and
...◊n

jú ≠ ◊n
jú+1

... ”æ 0 (by the assumption), we

then have
...f· n,(k≠1),◊n,(k≠1) ≠ f· n,◊n

...
2

n
∫ ‘2

n (contradict (6.27)).

Therefore, it is impossible that there is only ·n
jú that converges to · 0

i0 .

Figure 6.5: Illustration for Case 1.3.

Case 2: |·n
jú ≠ · 0

i0 | ∫ ‘2
n. There are three main subcases associated with this

circumstance.
Case 2.1: |·n

jú≠1≠· 0
i0| . ‘2

n, |·n
jú ≠· 0

i0 | ∫ ‘2
n, |·n

jú ≠· 0
i0+1| ∫ ‘2

n, and |·n
jú+1≠· 0

i0+1| . ‘2
n.

WLOG, we assume that ·n
jú≠1 < · 0

i0 < ·n
jú < · 0

i0+1 < ·n
jú+1 (see Figure 6.6) In this

case, we have pi0jú . ‘2
n, p(i0+2)(jú+1) . ‘2

n, and

..f· n,◊n ≠ f· 0,◊0
..2

n
= {·} + pi0jú

..◊n
jú ≠ ◊0

i0
..2 + p(i0+1)jú

..◊n
jú ≠ ◊0

i0+1
..2

+ p(i0+1)(jú+1)
..◊n

jú+1 ≠ ◊0
i0+1

..2

+ p(i0+2)(jú+1)
..◊n

jú+1 ≠ ◊0
i0+2

..2
, (6.28)

..f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0
..2

n
= {·} + pi0jú

..◊ú
jú ≠ ◊0

i0
..2

+ (p(i0+1)jú + p(i0+1)(jú+1))
..◊ú

jú ≠ ◊0
i0+1

..2

+ p(i0+2)(jú+1)
..◊ú

jú ≠ ◊0
i0+2

..2
, (6.29)

where ◊ú
jú =

1
pi0jú + p(i0+1)jú

2
◊n

jú +
1
p(i0+1)(jú+1) + p(i0+2)(jú+1)

2
◊n

jú+1

pi0jú + p(i0+1)jú + p(i0+1)(jú+1) + p(i0+2)(jú+1)
and {·} for rep-

resenting the same terms in both equations (6.28) and (6.29).
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Figure 6.6: Illustration for Case 2.1.

Due to the convexity of Î·Î2, we have

1
pi0jú + p(i0+1)jú + p(i0+1)(jú+1) + p(i0+2)(jú+1)

2 ...◊ú
jú ≠ ◊0

i0+1

...
2

Æ
1
pi0jú + p(i0+1)jú

2 ...◊n
jú ≠ ◊0

i0+1

...
2

+
1
p(i0+1)(jú+1) + p(i0+2)(jú+1)

2 ...◊n
jú+1 ≠ ◊0

i0+1

...
2

(6.30)

In the inequality (6.30), we ±pi0jú

...◊ú
jú ≠ ◊0

i0

...
2

± p(i0+2)(jú+1)
...◊ú

jú ≠ ◊0
i0+2

...
2

+ {·} to

the left hand side of it and ±pi0jú

...◊n
jú ≠ ◊0

i0

...
2

± p(i0+2)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+2

...
2

+ {·} to

the right hand side of it, we have

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
+ pi0jú

3...◊ú
jú ≠ ◊0

i0+1

...
2

≠
...◊ú

jú ≠ ◊0
i0

...
24

+ p(i0+2)(jú+1)

3...◊ú
jú ≠ ◊0

i0+1

...
2

≠
...◊ú

jú ≠ ◊0
i0+2

...
24

Æ
...f· n,◊n ≠ f· 0,◊0

...
2

n
+ pi0jú

3...◊n
jú ≠ ◊0

i0+1

...
2

≠
...◊n

jú ≠ ◊0
i0

...
24

+ p(i0+2)(jú+1)

3...◊n
jú+1 ≠ ◊0

i0+1

...
2

≠
...◊n

jú+1 ≠ ◊0
i0+2

...
24

(6.31)

Using the assumption that pi0jú . ‘2
n and p(i0+2)(jú+1) . ‘2

n, and the compactness of �,
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we have

...f· n,◊n ≠ f· 0,◊0

...
2

n
Ø

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
≠ wk‘2

n, (6.32)

for some constant wk depending on f· 0,◊0 , k and �.

Case 2.2: |·n
jú≠1 ≠ · 0

i0| ∫ ‘2
n, |·n

jú ≠ · 0
i0| ∫ ‘2

n and |·n
jú+1 ≠ · 0

i0+1| . ‘2
n. It implies

· 0
i0 < ·n

jú≠1 < ·n
jú < · 0

i0+1 (see Figure 6.7). If either ·n
jú≠1 or ·n

jú are not in the interval

(· 0
i0 , · 0

i0+1), then @j (1 Æ j Æ k ≠ 1) such that ·n
j

næŒ≠≠≠æ · 0
i0 which violate Lemma 3.

WLOG, we consider · 0
i0 < ·n

jú≠1 < ·n
jú < · 0

i0+1 < ·n
jú+1. In this case, we have pi0jú . ‘2

n,

p(i0+2)(jú+1) . ‘2
n, and

...f· n,◊n ≠ f· 0,◊0

...
2

n
= {·} + p(i0+1)jú

...◊n
jú ≠ ◊0

i0+1

...
2

+ p(i0+1)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+1

...
2

+ p(i0+2)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+2

...
2

, (6.33)
...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
= {·} + (p(i0+1)jú + p(i0+1)(jú+1))

...◊ú
jú ≠ ◊0

i0+1

...
2

+ p(i0+2)(jú+1)
...◊ú

jú ≠ ◊0
i0+2

...
2

, (6.34)

where ◊ú
jú =

p(i0+1)jú◊n
jú +

1
p(i0+1)(jú+1) + p(i0+2)(jú+1)

2
◊n

jú+1

p(i0+1)jú + p(i0+1)(jú+1) + p(i0+2)(jú+1)
and {·} for representing

the same terms in both equations (6.33) and (6.34).

Due to the convexity of Î·Î2, we have

1
p(i0+1)jú + p(i0+1)(jú+1) + p(i0+2)(jú+1)

2 ...◊ú
jú ≠ ◊0

i0+1

...
2

Æ p(i0+1)jú

...◊n
jú ≠ ◊0

i0+1

...
2

+
1
p(i0+1)(jú+1) + p(i0+2)(jú+1)

2 ...◊n
jú+1 ≠ ◊0

i0+1

...
2

(6.35)

In the inequality (6.35), we ±p(i0+2)(jú+1)
...◊ú

jú ≠ ◊0
i0+2

...
2

+ {·} to the left hand side
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Figure 6.7: Illustration for Case 2.2.

of it and ±p(i0+2)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+2

...
2

+ {·} to the right hand side of it, we have

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
+ p(i0+2)(jú+1)

3...◊ú
jú ≠ ◊0

i0+1

...
2

≠
...◊ú

jú ≠ ◊0
i0+2

...
24

Æ
...f· n,◊n ≠ f· 0,◊0

...
2

n
+ p(i0+2)(jú+1)

3...◊n
jú+1 ≠ ◊0

i0+1

...
2

≠
...◊n

jú+1 ≠ ◊0
i0+2

...
24

(6.36)

Using the assumption that p(i0+2)(jú+1) . ‘2
n, and the compactness of �, we have

...f· n,◊n ≠ f· 0,◊0

...
2

n
Ø

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
≠ wk‘2

n, (6.37)

for some constant wk depending on f· 0,◊0 , k and �.

Case 2.3: |·n
jú≠1 ≠ · 0

i0| ∫ ‘2
n, |·n

jú ≠ · 0
i0 | ∫ ‘2

n, |·n
jú+1 ≠ · 0

i0| ∫ ‘2
n and |·n

jú≠1 ≠ · 0
i0+1| ∫

‘2
n, |·n

jú ≠ · 0
i0+1| ∫ ‘2

n, |·n
jú+1 ≠ · 0

i0+1| ∫ ‘2
n. It implies · 0

i0 < ·n
jú≠1 < ·n

jú < ·n
jú+1 < · 0

i0+1

(see Figure 6.8). Notice that any other cases will lead to a contradiction to Lemma 3.
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In this case, we have

...f· n,◊n ≠ f· 0,◊0

...
2

n
= {·} + p(i0+1)jú

...◊n
jú ≠ ◊0

i0+1

...
2

+ p(i0+1)(jú+1)
...◊n

jú+1 ≠ ◊0
i0+1

...
2

(6.38)
...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
= {·} +

1
p(i0+1)jú + p(i0+1)(jú+1)

2 ...◊ú
jú ≠ ◊0

i0+1

...
2

, (6.39)

where ◊ú
jú =

p(i0+1)jú◊n
jú + p(i0+1)(jú+1)◊n

jú+1
p(i0+1)jú + p(i0+1)(jú+1)

and {·} for representing the same terms in

both equations (6.38) and (6.39).

Figure 6.8: Illustration for Case 2.3.

Due to the convexity of Î·Î2, we have

1
pi0jú + pi0(jú+1)

2 ...◊ú
jú ≠ ◊0

i0

...
2

Æ pi0jú

...◊n
jú ≠ ◊0

i0

...
2

+ pi0(jú+1)
...◊n

jú+1 ≠ ◊0
i0

...
2

(6.40)

In the inequality (6.40), we add {·} to the left, and the right-hand side of it, we

have

...f· n,(k≠1),◊n,(k≠1) ≠ f· 0,◊0

...
2

n
Æ

...f· n,◊n ≠ f· 0,◊0

...
2

n
. (6.41)

Finally, from (6.21), (6.26), (6.32), (6.37), (6.41), we finish proving (6.16).
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6.2.4 Proof of Theorem 5.3: Asymptotic behavior of the

signal functions in the dendrogram

Proof of Theorem 5.3. We divide the proof into two parts: overfitted levels and under-

fitted levels.

Part 1: Convergence rate on overfitted levels. From Theorem 5.2, there exists

a constant C depending on � and k so that under the assumption (K1) with probability

of at least 1 ≠ c1n≠c2 , we have

...f̂‚· n
, ‚◊n ≠ f· 0,◊0

...
n

Æ C

A
log n

n

B1/2

. (6.42)

Using Lemma 4, there exists constants wk, . . . , wk0+1 depending on f· 0,◊0 , k and �

such that for every Ÿ œ [k0 + 1, k], we have

....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f· 0,◊0

....
2

n
Æ

...f‚· n
,‚◊n ≠ f· 0,◊0

...
2

n
+ log n

n

kÿ

m=Ÿ

wm. (6.43)

From (6.43) and (6.42), we get the convergence rate for all level Ÿ Ø k0 + 1:

....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f· 0,◊0

....
n
.

A
log n

n

B1/2

. (6.44)

When Ÿ = k0, we want to show that
....f‚· n,(k0)

,‚◊n,(k0) ≠ f· 0,◊0

....
n
.

A
log n

n

B1/2

. This

is still achieved by using Lemma 4, since we have

....f‚· n,(k0+1)
,‚◊n,(k0+1) ≠ f· 0,◊0

....
2

n
Ø

....f‚· n,(k0)
,‚◊n,(k0) ≠ f· 0,◊0

....
2

n
+ wk0+1

log n

n
,

and
....f‚· n,(k0+1)

,‚◊n,(k0+1) ≠ f· 0,◊0

....
2

n
. log n

n
has been proven in (6.44).

Part 2: Convergence rate on under-fitted levels. At the exact fitted level, by

Lemma 3, k0 ≠ 1 changepoints indexed by j (1 Æ j Æ k0 ≠ 1) will converge to k0 ≠ 1
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actual changepoints indexed by i0 (1 Æ i0 Æ k0 ≠ 1) with rate log n

n
. Also by the result

in Part 1, we have
....f‚· n,(k0)

,‚◊n,(k0) ≠ f· 0,◊0

....
2

n
. log n

n
, it leads to

|·̂n,(k0)
i ≠ · 0

i | . log n

n
,

...◊̂n,(k0)
i ≠ ◊0

i

...
2 . log n

n
’i œ [k0], ·̂n

k0 = · 0
k0 = 1. (6.45)

It is straightforward to show that for every i œ [k0] (· 0
0 = ·̂n,(k0)

0 = 0, · 0
k0 = ·̂n,(k0)

k0 = 1),
we have

-----
(·̂n,(k0)

i ≠ ·̂n,(k0)
i≠1 )(·̂n,(k0)

i+1 ≠ ·̂n,(k0)
i )

·̂n,(k0)
i+1 ≠ ·̂n,(k0)

i≠1

...◊̂n,(k0)
i ≠ ◊̂n,(k0)

i+1

...
2

≠
(· 0

i ≠ · 0
i≠1)(· 0

i+1 ≠ · 0
i )

· 0
i+1 ≠ · 0

i≠1

...◊0
i ≠ ◊0

i+1

...
2
----- .

log n

n

(6.46)

Hence, the optimal choice of i to merge for f
·̂ n,(k0),◊̂

n,(k0) will be the same as f· 0,◊0 for

every n large enough. After merging, we also have

---(·̂n,(k0)
i+1 ≠ ·̂n,(k0)

i≠1 ) ≠ (· 0
i+1 ≠ · 0

i≠1)
--- . log n

n
,

and

.....

A
·̂n,(k0)

i ≠ ·̂n,(k0)
i≠1

·̂n,(k0)
i+1 ≠ ·̂n,(k0)

i≠1
◊̂n,(k0)

i +
·̂n,(k0)

i+1 ≠ ·̂n,(k0)
i

·̂n,(k0)
i+1 ≠ ·̂n,(k0)

i≠1
◊̂n,(k0)

i+1

B
≠

3
·0

i ≠ ·0
i≠1

·0
i+1 ≠ ·0

i≠1
◊0

i + ·0
i+1 ≠ ·0

i

·0
i+1 ≠ ·0

i≠1
◊0

i+1

4.....

2

. log n

n
.

Hence,
....f‚· n,(k0≠1)

,‚◊n,(k0≠1) ≠ f· 0,(k0≠1),◊0,(k0≠1)

....
2

n
. log n

n
. The rest of the proof follows

using induction.
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6.2.5 Proof of Theorem 5.4: Asymptotic behavior of the

heights

Proof of Theorem 5.4. Continue from the proof of Theorem 5.3 , for every Ÿ Ø k0 + 1,

we have that

....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f‚· n,(Ÿ≠1)

,‚◊Ÿ≠1

....
2

n
Æ 2

A....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f· 0,◊0

....
2

n
+

....f‚· n,(Ÿ≠1)
,‚◊n,(Ÿ≠1) ≠ f· 0,◊0

....
2

n

B

. log n

n
, (6.47)

where
....f‚· n,(Ÿ)

,‚◊n,(Ÿ) ≠ f‚· n,(Ÿ≠1)
,‚◊n,(Ÿ≠1)

....
n

= d(Ÿ)
n (by Proposition 1). Therefore, d(Ÿ)

n .
A

log n

n

B1/2

.

When Ÿ Æ k0, the conclusion follows from inequality (6.46) in the proof of Theo-

rem 5.3.

6.3 Proof of Section 5.4: Consistency of DSC

This section contains the primary work of Dat Do on proving the consistency

in estimating the number of changepoints using DSC. The proving techniques are

developed based on the work on the Dendrogram of mixing measures paper [31].

We first prove Lemma 5, which provides upper bounds for the log-likelihood at the

over-fitted and under-fitted levels and a lower bound for the exact-fitted level. These

results will be useful for building model selection criteria.

Proof of Lemma 5. 1. (Over-fitted levels) If the conclusion (5.30) is correct for

Ÿ = k, then because (· n, ◊n) is the MLE, we have

¸n(f‚· n,(Ÿ)
,‚◊n,(Ÿ)) Æ ¸n(f‚· n

,‚◊n) ’Ÿ Æ k,
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which leads to the same conclusion for all Ÿ Æ k. Hence, it is su�cient to

prove (5.30) for Ÿ = k only, and we proceed to do it. Recall that we have proved

hn(p‚· n
,‚◊n , p· 0,◊0) Æ C

A
log n

n

B1/2

,

with the probability at least 1 ≠ c1n≠c2 , where C only depends on p, f and �.

By invoking the proof of Theorem 8.14 in [129] (the first step)2, we can have a

bound for the empirical process:

Ô
n(Pn ≠ P0) log

‚pn,i(yi) + p0,i(yi)
2p0,i(yi)

Æ C

A
log n

n

B

, (6.48)

where ‚pn,i(yi) = p(yi| ‚fn(ti)) is the MLE density, p0,i(yi) = p(yi|f 0(ti)) is the true

density at ti, and the expectation (Pn ≠ P0) corresponds to

Pn = 1
n

nÿ

i=1
”yi , P0 = 1

n

nÿ

i=1
Eyi≥p(f·0,◊0 (ti)).

Using the concavity of the logarithm function, we have

Pn log
‚pn,i(yi) + p0,i(yi)

2p0,i(yi)
Ø 1

2Pn log
‚pn,i(yi)
p0,i(yi)

. (6.49)

Furthermore,

P0 log
‚pn,i(yi) + p0,i(yi)

2p0,i(yi)
= ≠ 1

n

nÿ

i=1
KL

A

p(f·0,◊0(ti))Î
p( ‚fn(ti)) + p(f·0,◊0(ti))

2

B

Æ 0.

(6.50)

2similar to the argument in the proof of convergence rate of likelihood function in Theorem 3.4,
Chapter 3.
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Combine these two inequalities with (6.48), we have

¸n( ‚fn) ≠ Pn log p(yi|f·0,◊0(ti)) = Pn log
‚pn,i(yi)
p0,i(yi)

Æ C
log n

n
, (6.51)

with probability at least 1 ≠ 2c1n≠c2 . Besides, using Chebyshev’s inequality, we

have

P0(|(Pn ≠ P0) log p(yi|f·0,◊0(ti))| Ø r)

Æ
k0ÿ

j=1
P0

Q

ca
1
n

-------

ÿ

tiœ[·0
j≠1,·0

j )
log p(yi|f) ≠ E log p(yi|f·0,◊0(ti))

-------
Ø r

k0

R

db

Æ k2
0

k0ÿ

j=1

(· 0
j ≠ · 0

j≠1)2Var(log p(y|(◊0
j ))

nr2 ,

for all r > 0. By plugging in r = (log n/n)1/2, we have

P0

Q

a|(Pn ≠ P0) log p(yi|f·0,◊0(ti))| Ø
A

log n

n

B1/2R

b Æ C Õ

log(n) ,

where C Õ only depends on f 0. Aggregate this with (6.51), we have with a

probability at least of 1 ≠ max{C Õ/ log(n), c1n≠c2} that

¸n( ‚fn) ≠ P0 log p(yi|f·0,◊0(ti)) = ¸n( ‚fn) ≠ L0(f·0,◊0) Æ Co

A
log n

n

B1/2

.

for Co = max{0, C + C Õ} only depends on p, k, · 0, ◊0.

2. (Exact-fitted level) From Lemma 3 and Theorem 5.3, there exists an event An

with P0(An) Ø 1 ≠ c1n≠c2 , where P0 is the law of (y1, . . . , yn) under the true

model, such that under An, the exact-fitted signal function on the dendrogram



161

possesses the changepoints ‚· n,(k0) œ T k0
ø and parameters ‚◊

n,(k0) œ �k0 satisfying

Î‚◊n,(k0)
j ≠ ◊0

j Î Æ ”n = C

A
log n

n

B1/2

, |‚·n,(k0)
j ≠ · 0

j | Æ ”2
n, ’j œ [k0], (6.52)

where C depends on (· 0, ◊0), �, f and k. We write ‚·n,(k0)
j = ·̃n

j and ‚◊n,(k0)
j = ◊̃n

j

for ease of notation. Recall that we aim to prove that

¸n(f·̃ n,◊̃
n) = 1

n

k0ÿ

j=1

ÿ

iœ[n]
tiœ[·̃n

j≠1,·̃n
j )

log p(yi|◊̃n
j ),

satisfies
---¸n(f·̃ n,◊̃

n) ≠ L0(f· 0,◊0)
--- Æ Ce(log n/n)1/2,

with high probability (tends to 1), where Ce is a positive constant and

L0(f· 0,◊0) = 1
n

k0ÿ

j=1

ÿ

iœ[n]
tiœ[·0

j≠1,·0
j )

Eyi≥p(◊̃0
j ) log p(yi|◊̃0

j ).

We will show that

¸n(f·̃ n,◊̃
n) ≠ L0(f· 0,◊0) Ø ≠Ce(log n/n)1/2, (6.53)

with high probability, and the part to show

¸n(f·̃ n,◊̃
n) ≠ L0(f· 0,◊0) Æ Ce(log n/n)1/2,

is similar. Indeed, it can be seen that those two terms in the LHS of (6.53)

are di�erent in both the changepoints (·̃ n and · 0) and parameters (◊̃n and

◊0). We first use condition (K3) to approximate all ◊̃n
j by ◊0

j . Indeed, for all
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(y1, . . . , yn) œ An, use (K3) and combine with inequalities (6.52), we have

¸n(f·̃ n,◊̃
n) = 1

n

k0ÿ

j=1

ÿ

iœ[n]
tiœ[·̃n

j≠1,·̃n
j )

log p(yi|◊̃n
j )

Ø 1
n

k0ÿ

j=1

Q

ccca
ÿ

iœ[n]
tiœ[·̃n

j≠1,·̃n
j )

log p(yi|◊0
j )

R

dddb
(1 + c—”n) ≠ c–”n

Ø 1
n

(1 + c—”n)
k0ÿ

j=1

Q

ccca
ÿ

iœ[n]
tiœ[·0

j≠1,·0
j )

log p(yi|◊0
j ) ≠

ÿ

tiœ[·̃n
j≠1,·̃n

j )\[·0
j≠1,·0

j )

--log p(yi|◊0
j )

--

≠
ÿ

tiœ[·0
j≠1,·0

j )\[·̃n
j≠1,·̃n

j )

--log p(yi|◊0
j )

--

R

b ≠ c–”n

Ø 1
n

(1 + c—”n)
k0ÿ

j=1

Q

ccca
ÿ

iœ[n]
tiœ[·0

j≠1,·0
j )

log p(yi|◊0
j ) ≠

ÿ

tiœ[·0
j ≠”2

n,·0
j )fi[·0

j ,·0
j +”2

n)

--log p(yi|◊0
j )

--

≠
ÿ

tiœ[·0
j≠1,·0

j≠1+”2
n)fi[·0

j ≠”2
n,·0

j )

--log p(yi|◊0
j )

--

R

b ≠ c–”n

= (1 + c—”n)
k0ÿ

j=1
(Dnj ≠ Enj ≠ Fnj) ≠ c–”n, (6.54)

where

Dnj := 1
n

ÿ

iœ[n]
tiœ[·0

j≠1,·0
j )

log p(yi|◊0
j ), Enj = 1

n

ÿ

tiœ[·0
j ≠”2

n,·0
j )fi[·0

j ,·0
j +”2

n)

---log p(yi|◊0
j )

--- ,

and

Fnj = 1
n

ÿ

tiœ[·0
j≠1,·0

j≠1+”2
n)fi[·0

j ≠”2
n,·0

j )

---log p(yi|◊0
j )

--- .

Notice that there is no ·̃ n and ◊̃
n in the definitions of Dnj, Enj, Fnj’s anymore.

We can simply bound Dnj using Chebyshev’s inequality. Denote Ti = #{i : ti œ
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[· 0
j≠1, · 0

j )} = Án· 0
j Ë ≠ Án· 0

j≠1Ë ® n(· 0
j ≠ · 0

j≠1), we have

P

Q

cccca

1
n

----------

ÿ

iœ[n]
tiœ[·0

j≠1,·0
j )

(log p(yi|◊0
j ) ≠ Ep(◊0

j ) log p(yi|◊0
j )

----------

Ø r

k0

R

ddddb

= P

Q

cccca

1
Ti

----------

ÿ

iœ[n]
tiœ[·0

j≠1,·0
j )

(log p(yi|◊0
j ) ≠ Ep(◊0

j ) log p(yi|◊0
j )

----------

Ø nr

Tik0

R

ddddb

Æ
k2

0TjVarp(◊0
j )(log p(y|◊0

j ))
n2r2

Hence,

P

Q

a|
ÿ

j

Dnj ≠ L0(f· 0,◊0)| Ø r

R

b Æ
k0ÿ

j=1
P

Q

ccca
1
n

---------

ÿ

iœ[n]
tiœ[·0

j≠1,·0
j )

(log p(yi|◊0
j ) ≠ Ep(◊0

j ) log p(yi|◊0
j )

---------

Ø r

k0

R

dddb

Æ
k0ÿ

j=1

k2
0TjVarp(◊0

j )(log p(y|◊0
j ))

n2r2

Æ
k2

0 maxj Varp(◊0
j ))(log p(y|◊0

j )
nr2 .

For En, we can use the second condition in (K3) to have

P(Enj Ø (log n/n)1/2) Æ
ÿ

2 log(n)terms
P(| log p(yi|◊0

j )| Ø n(log n/n)1/2)/ log(n))

Æ log(n)“1e
≠(log n/n)“2/2

.

Similar for Fnj. Hence, there exists a sequence of event Bn with P(Bn) Ø

1 ≠ C/ log(n) such that

(1 + c—”n)
k0ÿ

j=1
(Dnj ≠ Enj ≠ Fnj) ≠ c–”n Ø L0(f· 0,◊0) ≠ Ce(log n/n)1/2.
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Combine with An, we have

P(¸n(f·̃ n,◊̃
n) Ø L0(f·0,◊0) ≠ Ce(log n/n)1/2) Ø P(An fl Bn) Ø 1 ≠ C/ log(n).

By using the inequality log p(yi|◊̃n
j ) Æ (1 ≠ c—”n) log p(yi|◊̃n

j ) + c–”n (instead of

the upper bound) in inequality (6.54) and proceed similarly, we also have the

bound in the reverse direction

P(¸n(f·̃ n,◊̃
n) Ø L0(f·0,◊0) + Ce(log n/n)1/2) Ø 1 ≠ C/ log(n).

Hence,

P(|¸n(f·̃ n,◊̃
n) ≠ L0(f·0,◊0)| Æ Ce(log n/n)1/2) Ø 1 ≠ 2C/ log(n) æ 1

as n æ Œ.

3. (Under-fitted level) We proceed similarly to the exact-fitted level, given that we

have already shown that

....f‚· n,(Ÿ)
,‚◊n,(Ÿ) ≠ f· 0,(Ÿ),◊0,(Ÿ)

....
n

Æ C

A
log n

n

B1/2

, ’1 Æ Ÿ Æ k0, (6.55)

as in Theorem 5.3.

Proof of Theorem 5.5. By combining Theorem 5.4 and Lemma 5, there exists a set

An with P0(An) æ 1 such that on An, we have

d(Ÿ)
n =

Y
___]

___[

O((log n/n)1/2) if Ÿ > k0

d(Ÿ)
0 + O((log n/n)1/2) if Ÿ Æ k0,

(6.56)
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and

¸
(Ÿ)
n =

Y
________]

________[

L0(f· 0,◊0) + O((log n/n)1/2) if Ÿ Ø k0

L0(f· 0,◊0) + O((log n/n)1/2) if Ÿ = k0

L0(f· 0,◊0) ≠ L(Ÿ) + o(1) if Ÿ < k0,

(6.57)

where L(Ÿ) = KL(p· 0,◊0Îp· 0,(Ÿ),◊0,(Ÿ)) > 0 for all Ÿ < k0, and the constants in the big

O and small o notions only depends on (· 0, ◊0), �, and k. Hence, we have

≠DSC(Ÿ)
n =

Y
________]

________[

ÊnL0(f· 0,◊0) + O(Ên(log n/n)1/2) if Ÿ > k0,

ÊnL0(f· 0,◊0) + d(k0)
0 ≠ O(Ên(log n/n)1/2) if Ÿ = k0,

ÊnL0(f· 0,◊0) + d(Ÿ)
0 ≠ Ên(L(Ÿ) + o(1)) if Ÿ < k0.

(6.58)

Because Ên æ Œ, Ên(log n/n)1/2 æ 0, and L(Ÿ) is strictly positive, this implies that

DSC(k0) is the smallest number for all n large enough. Hence, P0(kn = k0) Ø P0(An) æ

1, which means kn æ k0 in probability.

6.4 Checking conditions

We spend this section checking the conditions (K1), (K2), (K3) on popular kernels.

Condition (K1). The kernel p(x|◊) satisfies

c Î◊ ≠ ◊ÕÎ Æ h(p(·|◊), p(·|◊Õ)) Æ c Î◊ ≠ ◊ÕÎ ’◊, ◊Õ œ �, (6.59)

for some constant c, c only depend on p and �.

Condition (K2). Suppose that sup◊œ� Îp(·|◊)ÎŒ is bounded, Îp(·|◊) ≠ p(·|◊Õ)ÎŒ .

Î◊ ≠ ◊ÕÎ for all ◊, ◊Õ œ �, and p(y|◊) has uniformly light tails, i.e., there exist constants

D, d1, d2, and d2 so that p(y|◊) Æ d1 exp(≠d2 ÎyÎd3)’ ÎyÎ Ø D, ◊ œ �.



166

Condition (K3). There exist positive constants c– and c— such that for all su�ciently

small ‘ and ◊0, ◊ œ � such that Î◊ ≠ ◊0Î Æ ‘, we have

(1 ≠ c—‘) log p(y|◊0) + c–‘ Ø log p(y|◊) Ø (1 + c—‘) log p(y|◊0) ≠ c–‘ ’y.

Besides, there exists constant “1, “2 > 0 so that Py≥p(◊0
jÕ )(| log p(y|◊0

j )| Ø z) Æ e≠“1z“2

for all z Ø 0 and j, jÕ œ [k0].

Checking condition (K1)

Proposition 2. Condition (K1) satisfied for:

1. Location Gaussian family {N (◊, �) : ◊ œ �} for a compact set � µ Rd
and a

fixed, positive-definite covariance matrix � œ Rd◊d
;

2. Location-scale Gaussian family {N (◊, �) : ◊ œ �, � œ S} for a compact subspace

� µ Rd
, and S is a compact set of positive-definite covariance matrix � œ Rd◊d

.

3. Univariate Poisson family {P(◊) : ◊ œ �} for a compact subspace � µ R.

Proof. 1. Recall the Hellinger distance between two Gaussian with the same co-

variance matrix �:

h2(N (◊1, �), N (◊2, �)) = 1 ≠ exp
;

≠1
8(◊1 ≠ ◊2)€�≠1(◊1 ≠ ◊2)

<
.

We aim to show that h2(N (◊1, �), N (◊2, �)) ® Î◊1 ≠ ◊2Î2. Indeed, first notice

that
1

‡max
Î◊1 ≠ ◊2Î2 Æ (◊1 ≠ ◊2)€�≠1(◊1 ≠ ◊2) Æ 1

‡min
Î◊1 ≠ ◊2Î2 ,

for all ◊1, ◊2 œ �, where ‡min and ‡max are the smallest and largest eigenvalue of

�. Besides, we have

cx Æ 1 ≠ exp(≠x) Æ x (6.60)



167

for all x œ [0, C] where c depends on C. Because the parameter space � is

compact, we have 0 Æ (◊1 ≠◊2)€�≠1(◊1 ≠◊2) Æ 1
‡min

Î◊1 ≠◊2Î2 Æ 1
‡min

diam(�)2.

Hence,

Î◊1 ≠ ◊2Î2 ® 1
8(◊1 ≠ ◊2)€�≠1(◊1 ≠ ◊2) ® h2(N (◊1, �), N (◊2, �)),

for all ◊1, ◊2 œ �.

2. Recall the Hellinger distance between two location-scale Gaussian:

h2(N (◊1, �1), N (◊2, �2)) = 1≠ |�1|1/4|�2|1/4

|(�1 + �2)/2|1/2 exp
I

≠1
8(◊1 ≠ ◊2)€

3�1 + �2
2

4≠1
(◊1 ≠ ◊2)

J
.

Using the same technique as in the previous proof, we have

h2(N (◊1, �1), N (◊2, �2)) ® log(|�1|)+log(|�2|)≠2 log
A-----

�1 + �2
2

-----

B

+Î◊1 ≠ ◊2Î2 .

By the second order Taylor expansion, we have that

log(|�1|) + log(|�2|) ≠ 2 log
A-----

�1 + �2
2

-----

B

® Î�1 ≠ �2Î2 .

Hence,

h2(N (◊1, �1), N (◊2, �2)) ® Î�1 ≠ �2Î2 + Î◊1 ≠ ◊2Î2 .

3. The squared Hellinger distance between two Poisson distributions with parame-

ters ◊ and ◊Õ is given by:

h2(P(◊), P(◊Õ)) = 1 ≠ e≠ 1
2 (

Ô
◊≠

Ô
◊Õ)2

.

We then have that h(P(◊), P(◊Õ)) ¥ C|
Ô

◊ ≠
Ô

◊Õ|. Since |
Ô

◊ ≠
Ô

◊Õ| is equivalent
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to |◊ ≠ ◊Õ|Ô
◊ +

Ô
◊Õ

, we can find bounds:

c|◊ ≠ ◊Õ| Æ C|
Ô

◊ ≠
Ô

◊Õ| Æ c|◊ ≠ ◊Õ|

for some constants c, c depending on �. Thus, the Poisson kernel satisfies the

given condition (K1).

Checking condition (K2)

Proposition 3. Condition (K2) satisfied for:

1. Location Gaussian family {N (◊, �) : ◊ œ �} for a compact set � µ Rd
and a

fixed, positive-definite covariance matrix � œ Rd◊d
;

2. Location-scale Gaussian family {N (◊, �) : ◊ œ �, � œ S} for a compact subspace

� µ Rd
, and S is a compact set of positive-definite covariance matrix � œ Rd◊d

.

3. Univariate Poisson family {P(◊) : ◊ œ �} for a compact subspace � µ R.

Proof. 1. For the location Gaussian family the density is

p(y|◊) = (2fi)≠m/2(det �)≠1/2 exp
3

≠1
2(y ≠ ◊)€�≠1(y ≠ ◊)

4
,

• Boundedness of sup◊œ� Îp(·|◊)ÎŒ.

The maximum of the density occurs at y = ◊, giving

p(y|◊) Æ (2fi)≠m/2(det �)≠1/2.

This upper bound is independent of ◊, so we conclude that

sup
◊œ�

Îp(·|◊)ÎŒ < Œ.



169

This condition is satisfied.

• Continuity condition: Îp(·|◊) ≠ p(·|◊Õ)ÎŒ . Î◊ ≠ ◊ÕÎ

Taking the derivative with respect to ◊, we have

ˆ

ˆ◊
p(y|◊) = p(y|◊) · Î�≠1(y ≠ ◊)Î

Æ p(y|◊) · Î�≠1Î
¸ ˚˙ ˝

operator norm

·Îy ≠ ◊Î (by Cauchy-Schwarz inequality)

Æ p(y|◊)Îy ≠ ◊Î
‡min

. (‡min is the smallest eigenvalue of �)

From the Mean Value Theorem, the di�erence |p(y|◊) ≠ p(y|◊Õ)| can be

expressed in terms of the gradients with respect to ◊:

sup
yœRd

|p(y|◊) ≠ p(y|◊Õ)| Æ L◊Î◊ ≠ ◊ÕÎ,

where

L◊ = sup
yœRd

p(y|◊)Îy ≠ ◊Î
‡min

= sup
yœRd

(2fi)≠m/2(det �)≠1/2

‡min¸ ˚˙ ˝
a fixed number

Î◊ ≠ ◊ÕÎ exp
3

≠1
2(y ≠ ◊)€�≠1(y ≠ ◊)

4

¸ ˚˙ ˝
is bounded

Æ C

is Lipschitz constant.

This implies Îp(·|◊) ≠ p(·|◊Õ)ÎŒ . Î◊ ≠ ◊ÕÎ.

• Light tails condition: p(y|◊) Æ d1 exp
1
≠d2ÎyÎd3

2
for large ÎyÎ.

The Gaussian density has an exponential tail:

p(y|◊) = (2fi)≠m/2(det �)≠1/2 exp
3

≠1
2(y ≠ ◊)€�≠1(y ≠ ◊)

4
.
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First, we notice that

1
‡max

Îy ≠ ◊Î2 Æ (y ≠ ◊)€�≠1(y ≠ ◊) Æ 1
‡min

Îy ≠ ◊Î2,

for all ◊ œ �, where ‡min and ‡max are the smallest and largest eigenvalue

of �. Additionally, for large ÎyÎ, we approximate Îy ≠ ◊Î ¥ ÎyÎ (since �

is compact and ◊ is bounded).

Thus, we obtain:

p(y|◊) Æ d1 exp(≠d2ÎyÎ2),

where d1 = (2fi)≠m/2(det �)≠1/2 and d2 = 1
2‡max

. Since this satisfies the

required exponential decay condition with d3 = 2, the Gaussian density

has uniformly light tails.

2. For the location-scale Gaussian family, where both mean ◊ and the covariance

matrix � vary, the Gaussian density is given by:

p(y|◊, �) = (2fi)≠m/2(det �)≠1/2 exp
3

≠1
2(y ≠ ◊)€�≠1(y ≠ ◊)

4
.

• Boundedness of sup◊œ�,�œS Îp(·|◊, �)ÎŒ.

The density is maximized at y = ◊, giving

p(y|◊, �) Æ (2fi)≠m/2(det �)≠1/2.

Since S is compact and contains only positive-definite matrices, both det �

and its inverse are bounded away from zero and infinity. Thus, there exists
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a constant C such that

sup
◊œ�,�œS

Îp(·|◊, �)ÎŒ Æ C < Œ.

• Continuity condition: Îp(·|◊, �) ≠ p(·|◊Õ, �Õ)ÎŒ . Î◊ ≠ ◊ÕÎ + Î� ≠ �ÕÎ.

Using the same technique as the location Guassian case, we analyze the

di�erence: |p(y|◊, �) ≠ p(y|◊Õ, �Õ)|.

Since the density is smooth in both ◊ and �, we approximate:

p(y|◊, �) ≠ p(y|◊Õ, �Õ) ¥ ˆp

ˆ◊
(◊ ≠ ◊Õ) + ˆp

ˆ�(� ≠ �Õ).

The derivatives are bounded because � and S are compact. Thus, there

exists a constant C such that:

Îp(·|◊, �) ≠ p(·|◊Õ, �Õ)ÎŒ Æ C(Î◊ ≠ ◊ÕÎ + Î� ≠ �ÕÎ).

• Light Tails Condition: p(y|◊, �) Æ d1 exp(≠d2ÎyÎd3) for large ÎyÎ

Similar to the location Gaussian case.

3. For the Poisson probability mass function, we have

p(y|◊) = ◊ye≠◊

y! , y œ N, ◊ > 0.

• Boundedness of sup◊œ� Îp(·|◊)ÎŒ.

The probability mass function is always between 0 and 1 for every ◊ œ �.

Thus, sup◊œ� Îp(·|◊)ÎŒ is finite for a bounded set �.

• Continuity Condition Îp(·|◊) ≠ p(·|◊Õ)ÎŒ . Î◊ ≠ ◊ÕÎ
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Taking the derivative of p(y|◊) with respect to ◊, we have

ˆp

ˆ◊
= p(y|◊)

3
y

◊
≠ 1

4
.

From the Mean Value Theorem, the di�erence |p(y|◊) ≠ p(y|◊Õ)| can be

experess as the following:

sup
yœRd

|p(y|◊) ≠ p(y|◊Õ)| Æ L◊|◊ ≠ ◊Õ|.

where L◊ = supyœRd p(y|◊)
----
y

◊
≠ 1

---- Æ C because of the compactness of �

and the properties of the Poisson mass function.

• Light tails condition p(y|◊) Æ d1 exp(≠d2ÎyÎd3)

For large y, Stirling’s approximation y! ¥
Ô

2fiy
3

y

e

4y

gives:

p(y|◊) ¥ ◊ye≠◊

Ô
2fiy(y/e)y

= 1Ô
2fiy

ey ln ◊≠◊≠y ln y+y = e≠y(ln y≠ln ◊≠1)≠◊ · 1Ô
2fiy

For large y, the dominant term in the exponent is ≠y ln y, ensuring expo-

nential decay. Thus there exists constants d1, d2, d3 such that: p(y|◊) Æ

d1 exp(≠d2yd3) for su�ciently large y, confirming light tails.

Checking condition (K3)

Proposition 4. Condition (K3) satisfied for:

1. Location Gaussian family {N (◊, �) : ◊ œ �} for a compact set � µ Rd
and a

fixed, positive-definite covariance matrix � œ Rd◊d
;

2. Location-scale Gaussian family {N (◊, �) : ◊ œ �, � œ S} for a compact subspace

� µ Rd
, and S is a compact set of positive-definite covariance matrix � œ Rd◊d

.
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3. Univariate Poisson family {P(◊) : ◊ œ �} for a compact subspace � µ R.

Proof. 1,2. We will check (K3) for the location-scale Gaussian family (also see [31]).

For the location Gaussian family, the technique is similar.

Let ‡min and ‡max be the smallest and largest eigenvalue of �.

Consider parameters (◊0, �0) and (◊, �) such that Î◊ ≠ ◊0Î, Î� ≠ �0Î Æ ‘

su�ciently small. Plugging the pdf of the Gaussian distribution into condition

(K3), we aim to show that there exist c– and c— > 0 such that

(1+c—‘) log(|�0|)≠log(|�|)+(1+c—‘)(x≠◊0)€�≠1
0 (x≠◊0)≠(x≠◊)€�≠1(x≠◊)+c–‘ Ø 0.

Firstly, we note that
d log(|�|)

d� = �≠1

being bounded above and below (as positive-definite matrices). So that the map

� ‘æ log(|�|) is Lipschitz, i.e., there exists constant c‡ such that

| log(|�0|) ≠ log(|�|)| Æ c‡ Î�0 ≠ �Î Æ c‡‘.

Hence, for all c— > c‡/(d log(‡min)), we have

c—‘ log(|�0|) Ø c‡‘ Ø | log(|�|) ≠ log(|�0|)|.

So that

(1 + c—‘) log(|�0|) ≠ log(|�|) > 0.

Next, denote u = x ≠ ◊0 and �u = ◊0 ≠ ◊. Using the boundedness of �0 again,

we have

�≠1
0 Ø (1 ≠ c�)�≠1,
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where c� only depends on ‡min and ‡max. Hence, to show that

(1 + c—‘)(x ≠ ◊0)€�≠1
0 (x ≠ ◊0) ≠ (x ≠ ◊)€�≠1(x ≠ ◊) + c–‘ Ø 0,

we only need to show

(1 + c—‘)(1 ≠ c�‘)u€�≠1u ≠ (u + �u)€�≠1(u + �u) + c–‘ Ø 0.

This is equivalent to

(c— ≠ c�)‘
A

u ≠ �u

(c— ≠ c�)‘

B€

�≠1
A

u ≠ �u

(c— ≠ c�)‘

B

+ c–‘

Ø c—c�‘2 + 1
(c— ≠ c�)‘(�u)€�≠1(�u),

which is correct by noticing that the first term of LHS is non-negative, the

second term is greater than the whole RHS when choosing c— > c� and choose

c– Ø c—c�‘ + 1
(c— ≠ c�)

1
‡min

,

as (�u)€�≠1(�u) Æ Î�uÎ2 /‡min Æ ‘2/‡min.

For the second part of the condition (K3), we need to check whether the tail

bound condition holds:

Py≥p(µ,�) (| log p(y|µ, �)| Ø z) Æ e≠“1z“2 ,

for some “1, “2 > 0.
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We have that for large z, the left-hand side of the condition simplifies to:

P
31

2(y ≠ ◊)€�≠1(y ≠ ◊) Ø z
4

= P
1
(y ≠ ◊)€�≠1(y ≠ ◊) Ø 2z

2
.

Since (y ≠ ◊) ≥ N (0, �), the quadratic form Q = (y ≠ ◊)€�≠1(y ≠ ◊) follows

a chi-square distribution with d degrees of freedom: Q ≥ ‰2
d. Using standard

chi-square tail bounds, for t Ø d, we have that P(‰2
d Ø t) Æ e≠t/4.

Setting t = 2z, we obtain:

P
1
(y ≠ ◊)€�≠1(y ≠ ◊) Ø 2z

2
Æ e≠z/2.

Therefore, “1 = 1/2 and “2 = 1 in this case.

3. For the Poisson kernel, recall that the probability mass function is:

p(y|◊) = ◊ye◊

y! .

Taking the logarithm, the log-likelihood function is log p(y|◊) = y log ◊ ≠ ◊ ≠

log(y!).

Considering the inequality in condition (K3), we want to show that there exists

c—, c– > 0 such that

y(1 ≠ c—‘) log ◊0 ≠ (1 ≠ c—‘)◊0 + c–‘ Ø y log ◊ ≠ ◊

Ø y(1 + c—‘) log ◊0 ≠ (1 + c—‘)◊0 ≠ c–‘

(6.61)
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Since |◊ ≠ ◊0| Æ ‘, we assume that

◊ = ◊0 + ”, with |”| Æ ‘.

Using first-order Taylor expansion:

log ◊ ¥ log ◊0 + ”

◊0
.

So,

y log ◊ ≠ ◊ ¥ y

A

log ◊0 + ”

◊0

B

≠ (◊0 + ”)

= y log ◊0 + y
”

◊0
≠ ◊0 ≠ ”.

Comparing to the left-hand side of (6.61): y log ◊0 ≠ yc—‘ log ◊0 ≠ ◊0 + c—◊0 + c–‘,

for small ‘, this bound holds if we set ” = c—‘◊0.

Comparing to the right-hand side of (6.61): y log ◊0 +yc—‘ log ◊0 ≠◊0 ≠c—◊0 ≠c–‘,

for small ‘, this bound holds if we set ” = ≠c—‘◊0.

Thus, the bound in (6.61) holds for the Poisson distribution for the appropriate

choices of c–, c—.

In terms of the second part of the condition (K3), we want to check if there exist

constants “1, “2 Ø 0 such that: Py≥p(◊0) (| log p(y|◊0)| Ø z) Æ e≠“1z“2 .

Since log p(y|◊0) = y log ◊0 ≠ ◊0 ≠ log y!, we need to control the probability:

P(|y log ◊0 ≠ ◊0| Ø z). Using concentration inequalities for Poisson distributions,

we know P(|Y ≠ ◊0| Ø t) Æ 2e≠t2/(2◊0). Since the log-likelihood depends linearly
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on Y , we substitute t = z

log ◊0
, leading to:

P (|y log ◊0 ≠ ◊0| Ø z) Æ 2e
≠

z2

2◊0 log2 ◊0 .

We can choose “1 = 1
2◊0 log2 ◊0

and “2 = 2, and the second part of Condition

(K3) is satisfied.



178

Chapter 7

Conclusion and future investigation

In this thesis, we introduced and explored novel statistical methodologies for change-

point detection in multidimensional data, with a particular focus on intracellular

transport analysis. Our contributions span theoretical advancements, algorithmic

developments, and practical applications, o�ering robust solutions to challenges in

detecting velocity changes and segment classification.

The development of the CPLASS algorithm in Chapters 2 and 3 addressed crit-

ical gaps in existing change-in-velocity detection methods. Traditional approaches,

including binary segmentation and dynamic programming, were inadequate due to the

continuity constraint of the model. In the framework for detecting velocity changes,

there are limitations in handling multidimensional data within existing methods. For

preventing the overfitted issue, we introduced a tailored penalty function with the

present of the strengthened Schwarz Information Criterion and a customized speed

penalty. By using an MCMC-based framework with customized proposal mecha-

nisms, CPLASS e�ectively explores the complex parameter space and delivers reliable

segmentation results. While the consistency theorem ensures long-term robustness,

real-world applications with small sample sizes necessitated additional methodological

refinements. The introduction of a speed penalty and the comparison of di�erent

trajectory characterization methods, such as Cumulative Speed Allocation (CSA)



179

and Cumulative Distribution Function (CDF), further enhanced the stability and

reliability of speed inference. However, computational e�ciency remains a challenge,

and future e�orts should focus on optimizing the MCMC search process. Additionally,

ensuring the mathematical consistency of CSA-based inference and addressing anchor

di�usion e�ects remain open problems for further exploration.

Chapter 4 introduced a hypothesis testing framework for segment classification into

stationary and motile states under a continuous piecewise linear model assumption.

By reformulating the problem within the general linear hypothesis testing framework,

we demonstrated the e�cacy of an F-distributed test statistic in detecting motile

segments, even at low speeds. The test was validated through simulation studies and

real-data applications, underscoring its e�ectiveness in trajectory characterization.

However, significant challenges persist, particularly in handling anchor di�usion e�ects

and mitigating the double-dipping problem that arises from using the same data to

infer and test changepoints. While existing literature on selective inference o�ers

potential solutions, current methods focus primarily on mean-change problems and

are not directly applicable to velocity changes. Future research should aim to adapt

post-selection inference techniques to stochastic search-based changepoint detection

methods like CPLASS, ensuring valid statistical inferences under these conditions.

Additionally, alternative approaches such as post-inference selection, introduced by

Fryzlewicz (2023) [47], could provide a promising direction for establishing confidence

intervals around detected changepoints rather than post-hoc hypothesis testing.

In Chapters 5 and 6, we introduced the Dendrogram Pruning and Merging (DPM)

algorithm as a computationally e�cient alternative for multiple changepoint detection.

Unlike conventional methods requiring repeated model fitting, DPM constructs a

hierarchical binary tree structure for changepoint selection in a single pass, significantly

reducing computational costs. The associated Dendrogram Selection Criterion (DSC)
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further enhances model selection by leveraging hierarchical relationships and parameter

distances. Theoretical guarantees a�rm the consistency of this approach, while

empirical evaluations demonstrate its competitive performance. Given its adaptability

to various kernel setups and multi-dimensional data, DPM presents a promising

direction for future changepoint detection frameworks. Future research could explore

integrating DPM with velocity change detection techniques, extending its applicability

to dependent data structures, and refining theoretical guarantees to enhance its

robustness.

A combination of CPLASS and DPM presents a promising direction for future

research, enabling the detection of both changes in velocity and changes in di�usivity.

One potential application lies in studying the movement of bacteria, which, unlike

motor-driven vesicles, are not transported along microtubules but instead move through

extracellular environments such as the body’s mucus layers. These layers act as the

first line of defense against pathogens and present a heterogeneous medium that

can significantly a�ect bacterial motion. In this thesis, we focus on intracellular

transport involving dynein- and kinesin-driven vesicles (see Chapter 2). In contrast,

bacteria such as Salmonella utilize flagellar propulsion, which drives a well-known

behavior called run-and-tumble motion [108, 118]. Each Salmonella cell is equipped

with multiple flagella that rotate in unison to generate directed motion. When

flagella become unsynchronized, this leads to tumbling—a brief period of randomized

movement—before the next directed run. The nature of bacterial motion can be

influenced by various biological conditions, including the viscosity and composition

of mucus, the presence of immune factors like antibodies, and other environmental

stresses (see Fig. 6 in [118]). Developing a changepoint detection framework that

integrates CPLASS for detecting velocity transitions and DPM for identifying changes

in di�usivity could o�er new insights into how bacterial locomotion adapts under such



conditions.

Overall, this thesis advances the field of change-point detection by developing

novel methods tailored for velocity changes in multidimensional data. The CPLASS

algorithm provides a statistically rigorous and flexible approach for segmenting intra-

cellular transport trajectories, while the hypothesis testing framework for segment

classification o�ers a reliable tool for distinguishing motile and stationary states. The

DPM algorithm contributes a computationally e�cient alternative for changepoint

detection, paving the way for future methodological advancements. Despite these con-

tributions, challenges such as computational e�ciency, selective inference for stochastic

search methods, and anchor di�usion e�ects remain areas for further investigation.

Addressing these challenges will be crucial in refining these methodologies and ex-

panding their applicability in biophysical and broader statistical contexts. Through

continued development and interdisciplinary collaboration, the insights gained from

this work hold the potential to significantly enhance the precision and interpretability

of complex dynamic processes in intracellular transport and beyond.



182

References

[1] S. Aminikhanghahi and D.J. Cook. A survey of methods for time series change

point detection. Knowledge and Information Systems, 51(2):339–367, 2017.

[2] Andreas Anastasiou and Piotr Fryzlewicz. Detecting multiple generalized change-

points by isolating single ones. Metrika, 85:141–174, 2022.

[3] D. Angelosante and G. B. Giannakis. Group lassoing change-points piece-

constant AR processes. EURASIP Journal on Advances in Signal Processing,

70, 2012.

[4] J. Bai and P. Perron. Estimating and testing linear models with multiple

structural changes. Econometrica, 66(1):47–78, 1998.

[5] Jushan Bai. Estimating multiple breaks one at a time. Econometric Theory,

13:315–352, 1997.

[6] Jushan Bai. Likelihood ratio tests for multiple structural changes. Journal of

Econometrics, 91(2):299–323, 1999.

[7] Jushan Bai and Pierre Perron. Estimating and testing linear models with

multiple structural changes. Econometrica, 66(1):47–78, 1998.

[8] Jushan Bai and Pierre Perron. Computation and analysis of multiple structural

change models. Journal of Applied Econometrics, 18:1–22, 2003.



183

[9] Rafal Baranowski, Yaakov Chen, and Piotr Fryzlewicz. Narrowest-over-threshold

detection of multiple change points and change-point-like features. Journal of

the Royal Statistical Society: Series B (Statistical Methodology), 81(3):649–672,

2019.

[10] D. Barry and J. A. Hartigan. Product partition models for change point problems.

Annals of Statistics, pages 260–279, 1992.

[11] D. Barry and J. A. Hartigan. A Bayesian analysis for change point problems.

Journal of the American Statistical Association, 88:309–319, 1993.

[12] Michèle Basseville and Igor V. Nikiforov. Detection of abrupt changes: theory

and application. Technometrics, 36:550, 1993.

[13] C. Beaulieu, J. Chen, and J.L. Sarmiento. Change-point analysis as a tool to

detect abrupt climate variations. Philosophical Transactions of the Royal Society

A: Mathematical, Physical and Engineering Sciences, 370(1962):1228–1249, 2012.

[14] R. Bellman. On a routing problem. Quarterly of Applied Mathematics, 16:87–90,

1958.

[15] Richard Berk, Lawrence Brown, Andreas Buja, Kai Zhang, and Linda Zhao.

Valid post-selection inference. The Annals of Statistics, 41(2):802–837, 2013.

[16] Lucien Birgé and Pascal Massart. Gaussian model selection. Journal of the

European Mathematical Society, 3(3):203–268, 2001.

[17] Lars Boysen, Andre Kempe, Volkmar Liebscher, Axel Munk, and Olaf Wittich.

Consistencies and rates of convergence of jump-penalized least squares estimators.

The Annals of Statistics, 37(1):157–183, 2009.



184

[18] Jon V. Braun, R. J. Braun, and Hans-Georg Mueller. Multiple Changepoint

Fitting via Quasi-Likelihood, with Application to DNA Sequence Segmentation.

Biometrika, 87(2):301–314, 2000.

[19] V. Braverman. Sliding window algorithms. In M. Y. Kao, editor, Encyclopedia

of Algorithms. Springer, 2016.

[20] B. Brodsky and B. Darkhovsky. Nonparametric Methods in Change-Point

Problems. Kluwer Academic Publishers, 1993.

[21] Jiahua Chen, Arjun Gupta, and Jianmin Pan. Information criterion and change

point problem for regular models. Sankhyā: The Indian Journal of Statistics,
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